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A Generalization of Clean Rings

Eaman Al-Khouja! ~ Hamza Hakmi®>  Maryam Hakmi®

Abstract

In the first who studies the problem of lifting idempotent
elements through this study, the concept of the clean element
entered, that is the element which can be written as a sum of two
elements one of them is a unite and the other is idempotent.

After that Chen enters the concept of the clean ring which is
its all elements are cleans. In this paper we study the concept of
quasi-clean ring which is the ring every element of in it is a sum of
two elements one of them is invertible and the other is idempotent.
This concept is considered a generalization of local and clean rings
in the same time. We proved that the ring is local if and only if
quasi-clean and its idempotent elements only O, 1.

In addition to that, we proved the quasi-clean is clean if and only if
its idempotent elements are 0,1 only. Also, we proved that in any

ring the elements of radical Jacobson of this ring are quasi-clean.
Furthermore, we proved that in every ring R the necessary
and sufficient condition in order to be the element x € R is quasi-
clean that the element 1— X is quasi-clean. Finally, we proved that
if R=0 isaring which is idempotent elements are 0,1 only, then

the necessary and sufficient condition in order to be the R is quasi-
clean that satisfies the condition for every element X € R either X
or 1-Xx isinvertible in R.

Key Words: Clean ring, quasi-clean ring, r —clean ring, f —clean
ring, local ring, partially local ring.
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