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Abstract
Service systems are generally characterized by independent service
times, especially in systems with a single server. However, when these
systems offer multiple services, the assumption of independence no longer

holds, necessitating the proposal of a method to address this issue.

This research presents a new approach to modeling service times in the
M/M/1 queuing model using Markov renewal processes. By representing
service times with Markov renewal processes, a semi—Markov kernel for
this process was derived, which allowed for the determination of the

service time distribution function and the transition matrix P.

Additionally, mathematical formulas for the distribution functions, expected
value, variance, auto covariance, and correlation of Markov renewal
service times were derived to study the correlations between different
types of customers. The study further examines correlations after an r—
step for any service system providing multiple services with a single
server. Through examples and applications, it was found that the
proposed M/MRP/1 service system generalizes the classic M/M/1 model
by handling correlated service times, revealing both positive and negative
correlations ranging from weak to moderate among the studied service

times.

Keywords: Markov renewal processes, M/M/1 Queue, semi-Markov

kernel, expected Markov renewal times, correlation Markov renewal times.
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(Aeaall aUss oo (he Slie (pa5) Cofishis Laddll e o Tl V) sl

p (Tn» Tn+r) =

1 1
E(To Tas) = 7Py | Pt s (= Py ) 1

ij Ukt
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05 05 05 05
_ 2 2 \/05 05\ 2 2 1
=05 05|45 05 (0.5 0.5) 05 0.5 *(1)
3 3 3 3
— 0.17358

COU(Tn, Tn+2) = E(TnJ Tn+2) - E(Tn) * E(Tn+2)

0.17358 > 2
= 0. —_—x —
12 12

COU(Tn, Tn+r)
Jvar(Ty) * var(Ty.,)

lalaie Aty 358 DA Lo dead ] (5L50 Jsdn Jind 3 4l (8 1 Jla

p (Tni Tn+r) =

Ge Ll e Al il B Jganll gy cCypma a8 Aelw oo
:10: 00 4cldl a5 09:30

laill 3 ol | 30l (e | Os)ll 58 e bl
09:32 09:30 1 09:30 1
09:34 09:32 1 09:31 2
09:37 09:34 2 09:32 3
09: 39 09:37 1 09:35 4
09:42 09:39 2 09:36 5
09:45 09:42 2 09:40 6
09:48 09:45 2 09:43 7
09:50 09:48 1 09:45 8
09:53 09:50 2 09:50 9
09:55 09:53 1 09:52 10
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rJE) A giae of o

~\06 04

vl W | =

3
g _ (0.25 0.75)
5

0.25 0.75
= (0.44 0.56)< 2. 2 1(7) =0.4067

06 04 1
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025(2) 075}
05(5) 04(3)

V(T,) = ET7 — (ET,)?

(044  0.56) (1) — 0.344

1

= 0.344 — (0.4067)% = 0.1786

m

1
E(Tn, Tny1) = z — PPy
i,j,k=1M”
025 0.75\ /025 0.75
_ 2 2 > 7\
=044 056)\ o 01 || 06 04 (1)
3 3 3 3

= 0.0825

COU(Tn» Tn+1) = E(Tn: Tn+1) - E(Tn) * E(Tn+1)

1
E(Thyr) =m pr—1 <_Pij>

Uij

1
E(Tpyy) = P71 <_Pij>

Hij
025 0.75
_ 2 2 |1 _
= (044 056)| S (1)—0.4067
3 3

cov(Tyy, Trey) = 0.0825 — 0.4067 % 0.4067 = —0.0829
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cov(T,, Tp11)
p(Tn'Tn+1) = il
Jvar(T,) = var (T,

2
E(Tgsy) =m P71 (EPI:]'>
ij

2
E(T74) =m Pt (EPL']'>
ij

_oss osel*® (2%) 0.75 (22)
05(5) 04 (5)
var (Tpy1) = E(T741) — (ETp41)?

= 0.344 — (0.4067)2 = 0.1786

(%) — 0.344

Ty 00829 .
Py, Iny1) = \/01786* 0.1786 B .
1
E(Ty4z) =m P* (—Pij>
ij
0.25 0.75
~ 025 0.75\( 2 2 (1
= (0.44 0'56)(0_6 ()_4) 0.6 0.4 (1)
3 3
= 0.4077

2
E(Tyy,) =m P*! <_2Pij>
Hij
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— (0.44 0.56)(0.25 0.75) 0'25(2) 0'75@ (1)

0.6 04 0_6(2) 0_4@) 1
= 0.3461

var(Tpi,) = E(Trf+2) — (ETp42)?

0.3461 — (0.4077)% = 0.18

1 1 1
E(Ty,Thyr) =T M—Pij * PT70 x| — Py

ij Uik
0.25 0.75 0.25 0.75
_ 2 2 0.25 0.75 2 2 1
= (044 0.56) 0.6 0.4 (0.6 0.4) 0.6 0.4 (1)
3 3 3 3

= (0.1433
COU(Tn» Tn+2) = E(Tn: Tn+2) - E(Tn) * E(Tn+2)
= 0.1433 — 0.4067 * 0.4076 = —0.0225

COU(Tn; Tn+2)
Jvar(T,) = var(Ty,,)
—0.0225
\0.1786 % 0.18

p(an Tn+2) =

= —0.123

p(Tn' Tn+2) =

1
E(Tpys) =P <_Pij>

HUij
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0.25 0.75
025 0.75\*[ 2 2 1
= (044 056)( ) (7)
( os 04 06 04 J\1
3 3
= 0.4073

2
E(Tiy3) =m P37} (ER’j)
ij

25 2 75 -
0.25 0.75)2 0. (Z) 0. (Z)
0.6 0.4 (2) (2)
0.6 (= 0.4 (=

9 9

var(Tpy3) = E(Tr%+3) — (ETn43)?

= 0.3455 — (0.4073)? = 0.1796

1 1
E(Ty, Tpy3) = | —P;j | * P37 x| — Py,
Hij Hjk

— (044 0.56) (

1)

= 0.3455

0.25 0.75 0.25 0.75
_ 2 2 \r025 075\* 2 2 |/1
_(0'44 0'56) 0.6 0.4 (0.6 0.4) 0.6 0.4 (1)
3 3 3 3

= 0.1654

COU(Tn, Tn+3) = E(Tn: Tn+3) - E(Tn) * E(Tn+3)

= 0.1654 — (0.4067)(0.4073) = —2.4891 % 104
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cov(Ty, Try3)
Jvar(T,) * var(Tn.s)
—2.4891 x 10~

T T ..)= — —1.3898 % 10-3
P (T Tnts) J/0.1786 = 0.1796

p(Tn: Tn+3) =

1
E(Tyyy) =m P (ll_Pij>

U

025 0.75
- 025 075} 2 2 |/1
=044 056) (' o)) 0.6 04 1)
3 3
= 0.4073

2
E(TZ,,) =mP*? (EPU)
ij

25 2 5 -
0.25 0.75)3 0. (Z) 07 (Z)
06 0.4 (2> (2)
06(=] o04(-

9 9

var(Thiq) = E(T7$+4) - (ETn+4)2

= 0.3457 — (0.4073)% = 0.1798

1 1
E(TyThya) =1 | —P;j | # P*1 5 —Py
Hij Hjk

= (044 056)(

1)

= 0.3457
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0.25 0.75 0.25 0.75
_ 2 2 /025 0.75)3 2 2 (1)
= (044 0.56) 0.6 0.4 (0.6 0.4 0.6 0.4 1
3 3 3 3
= 0.4066

cov(Ty, Thya) = E(Ty, Tnya) — E(Ty) * E(Trys)
=0.4066 — (0.4067)(0.4073) = 0.241

COU(Tn, Tn+4)
Jvar(T,) = var(Ty.s)
0.241

T. T, .,) = = 1.345
P (T Tnsa) \0.1786 = 0.1798

p(Tn» Tn+4) =

1
E(Tpys) = P>t (lTPij>

ij

0.25 0.75
- 025 075\ 2 2 |(1
=044 056) (' o)) 0.6 04 1)
3 3
= 0.4073

2
E(Tps) =m P>t (EPU)
ij
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0.25 0.75\* 025(2) Ost) 1
0.6 0.4) 0_6(2) 0_4(%) (1)

var(Tpys) = E(T5) — (ETpys)?

= 0.3456 — (0.4073)? = 0.1797

1 1
E(Ty Tpys) = m|—Py |+ P>7h s (—Py
Hij Hjk

— (044 0.56) (

= 0.3456

0.25 0.75 0.25 0.75
_ 22 (025 075\ 2 2 |(1
=044 056 ¢ o4 |(oe o04) | 06 oa |(1)
3 3 3 3

= (0.1656
cov(Ty, Tnvs) = E(Ty, Tys) — E(Ty) * E(Thas)
= 0.1656 — (0.4067)(0.4073) = —4.891 * 10~°
cov(Ty, Tn+s)

Jvar(T,) = var (Tpys)

(T T o) = 0oL 107 2.7301 * 104
, = = —2. *
PRln In+s) = 0786+ 0.1797

p(Tn' Tn+5) =
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