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Numerical Solution for Fokker-Planck
Equation by Using Boundary Element
Method (BEM).

Dr. Berlant Sabri Mattit

Baraa Hassan Alkhaled

Abstract
In this article, a study is presented on the numerical solutions of the linear
Fokker-Planck equation in two dimensions using the Boundary Element
Method (BEM).
This method relies on analyzing the boundaries of the studied region
without the need to discretize the entire internal area, which can offer more
efficient computations in some cases compared to techniques like the
Finite Element Method (FEM).
The effectiveness of the method in finding approximate solutions is
demonstrated by applying it to the Fokker-Planck equation and apply it in
the MATLAB program R2019a.

Key words: Partial differential equations, linear Fokker-Planck Equation,
boundary element method, integral equation, shape function, Dirichlet
boundary conditions, Neumann boundary conditions, Green’s function.
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% Number of boundary elements (4 corners in this
simple case)

num elements = 4;

% Define boundary points (corners of the
rectangle)

x boundary = [0, 0, 2, 2];

y boundary = [0, 1, 1, O0];

% Initialize the coefficient matrix A and vector Db
A = zeros (num elements);

b = [0; 100; 100, 0]; % Boundary conditions as

given
% Define Green's function for Fokker-Planck in 2D
G = @(xl, yl, x2, y2) (1/(4*pi*D*t)) * exp (- ((x1l-
x2) "2 + (yl-y2)"2)/(4*D*t));
% Populate matrix A using Green's function
for 1 = l:num elements
for j = l:num elements
if 1 == 3
A(i, j) = 1; % Diagonal elements
(handling singularity)
else
A(i, j) = G(x boundary (i),
y boundary (i), x boundary(j), y boundary(j)):
end
end
end
% Solve the linear system A*g = b
g = A\b;
% Display the result
disp('The solution vector g is:');
disp(q);
% Visualization
figure;
scatter (x boundary, y boundary, 100, g, 'filled');
colorbar;
title ('BEM Solution for the Fokker-Planck Equation
(q) ")
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[100, 66.67, 33.33, 0] »

BEM Solution for the Fokker-Planck Equation with D=0.707 and 16 Beundary Elements
1

(2) Jlall Apaal) paliall Agyyha aladinly @Dy S8 Aalae Ja 1(2) JS5
P opaie JST e Ay Gl
bl a3 G(x, y, tX, ¥, 1) e Adla das

1 (x; — xj)z + (v — y]_)z
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(e, y1) = (0,0) 5(x2,¥5) = (0.6667,0) ¢ peaiall Clusal Ylia 22l

1
G(0,0|06667,0) = mexp <—

1 0.4444

= 3885 e 2828 = (.0961

(0 — 0.6667)% + (0 — 0)?
4 x0.707
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(x2,y2) = (0.66667,0) 5(x4,¥4) = (2,0) : pmaiall Qlusls

(0.6667 — 0)2 + (2 — o)2>

1
G(0.6667,0[2,0) = ————exp <_ 4% 0.707

1 1.7778

= 8885 e 2828 = (0.0600

(x3,y3) = (1.3333,0) 5(x7,¥7) = (2,0.6667) : yainl Slualy

G(1.3333,0/2,0.6667)
1 (2 — 1.3333)% + (0.6667 — 0)?
~an+0.707°%P 4 %0707

1 0.8888

= 8.8856_m = 0.822

(a0, ya) = (2,0) 5(x6,y6) = (2,0.3333)  :_juainll lualy

6(2,012,0.3333) = —— (2 -2)* +(0.3333 - 0)°
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Agphall Gl jealiall AL JeSiy
tha OValee Adea e Jians juaie K g Al Glaa 2ny
t oY) Aabad)

q, + 0.0962q, + 0.0600g; + 0.0274q, + 0.0274q; + 0.0263¢,
+0.0234q, + 0.0192q, + 0.0192g, + 0.0421q,,
+0.0675¢,, + 0.0790q,, + 0.0790q,5 + 0.0962¢,,
+0.1082¢,5 + 0.1126g,, = 0

128



Aol sl Al e daaly dlaa
Jadaa il i AAY Gl Bel 2025 ale 12 31l 47 Ayl

4 Asledl)

0.0962q, + g, + 0.0962¢5 + 0.0600q, + 0.0600g; + 0.0577q,
+0.0513g, + 0.0421q5 + 0.0421g, + 0.067544,
+0.0790g,, + 0.0675¢,, + 0.0675q,5 + 0.0822q,
+0.0925¢,5 + 0.0962¢,, = 0

<A Adalald)

0.0600q, + 0.0962q, + g5 + 0.096g, + 0.0962¢= + 0.0925¢,
+0.0822g, + 0.0675¢5 + 0.0675g, + 0.0790q,
+0.0675q,, + 0.0421q,, + 0.0421q,5 + 0.0513q,
+0.0577¢45 + 0.0600g,, = 0

1aa)yll Adalall

0.0274q, + 0.0600g, + 0.0962q5 + q, + 0.1126q; + 0.1082q,
+0.0962¢, + 0.0790¢5 + 0.0790g, + 0.0675¢4,
+0.0421qy, + 0.0192q,, + 0.0192¢,5 + 0.0234q,,
+0.0263¢;5 + 0.0274q,, = 0

tda &) Adaladd)

0.0274q, + 0.0600g, + 0.0962q; + 0.1126q, + g5 + 0.1082q,
+0.0962g, + 0.0790¢5 + 0.0790q, + 0.0675¢4,
+0.0421qgy, + 0.0192q,, + 0.0192¢,5 + 0.0234q,,
+0.0263¢;5 + 0.0274q,, = 0

sdald) ddaled)
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0.0263q, + 0.0577g, + 0.0925q; + 0.1082q, + 0.1082gs + g,
+0.1082g, + 0.0962g5 + 0.0962g, + 0.082244,
+0.0513q,, + 0.0234q,, + 0.0234q,5 + 0.0263q4,
+0.0274q,5 + 0.0263q,, = 33.33

Aaslod) Alabeall

0.0234q, + 0.0513¢, + 0.0822q5 + 0.0962q, + 0.0962¢= + 0.1082¢,
+ g, + 0.1082g, + 0.1082q, + 0.0925g,, + 0.0577q,,
+0.0263q,, + 0.0263q,5 + 0.0274q,, + 0.0263q5
+0.0234q,, = 66.67

141l alad)

0.0192¢, + 0.0421¢, + 0.0675q5 + 0.0790q, + 0.0790gs + 0.0962¢,
+0.1082q, + g5 + 0.1126g, + 0.0962q,, + 0.06000g,
+0.0274q,, + 0.0274q,5 + 0.0263q,, + 0.0234q;:
+0.0192g,, = 100

sdanlll) ddaled)

0.0192q, + 0.0421g, + 0.0675g5 + 0.0790q, + 0.0790gs + 0.0962¢,
+0.1082q, + 0.1126¢5 + go + 0.0962q,, + 0.0600q,,
+0.0274q,, + 0.0274q,5 + 0.0263G, + 0.0234q;
+0.0192q,, = 100

13 ydlad) dlalal)

0.0421q, + 0.0675g, + 0.0790g5 + 0.0675q, + 0.0675qs + 0.0822¢,
+0.0925¢, + 0.0962¢5 + 0.0962q, + g1 + 0.0962q,,
+0.0600q,, + 0.0600q,5 + 0.0577g4 + 0.0513q,5
+0.0421q,¢ = 100
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yde alall daleall

0.0675q, + 0.0790q, + 0.0675q5 + 0.0421q, + 0.0421gs + 0.0513¢,
+0.0577q, + 0.0600gg + 0.0600q, + 0.0962¢,0 + 11
+0.0962q,, + 0.0962q,5 + 0.0925q,, + 0.08224,:
+0.0675q,, = 100

Byde Al Adaleal)

0.0790q, + 0.0675q, + 0.0421q5 + 0.0192q, + 0.0192gs + 0.02344,
+0.0263q, + 0.0274q5 + 0.0274q, + 0.0600q,
+0.0962q4; + g1 + 0.1126¢,5 + 0.1082q,, + 0.0962q,5
+0.0790g,, = 100

5yde ZAIAN Adalall

0.0790q, + 0.0675¢, + 0.0421q5 + 0.0192g, + 0.0192¢- + 0.0234¢,
+0.0263¢q, + 0.0274qg + 0.0274g, + 0.0600q,,
+00962¢y, + 0.11264;, + gq3 + 0.1082q,, + 0.0962¢;5
+0.0790g,, = 100

Bydie daa)yll Aaladl)

0.0962q, + 0.0822g, + 0.0513¢; + 0.0234q, + 0.0234qs + 0.0263q,
+0.0274q, + 0.0263gg + 0.0263¢, + 0.0577¢4,
+0.0925q,, + 0.1082q,, + 0.1082q,5 + q14 + 0.1082q,<
+0.0962q,, = 66.67

Byde A Al Aalall

0.1082q, + 0.925q, + 0.0577q5 + 0.0263q, + 0.026qs + 0.0274q, +
0.0263q, + 0.0234¢5 + 0.0234q, + 0.0513q,, + 0.0822q,, +

0.0962¢,, + 0.0962¢,5 + 0.10824,, + q;5 + 0.1082¢,, = 33.33
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0.1126q, + 0.09624, + 0.0600q5 + 0.0274q, + 0.0274qs + 0.0263q,
+0.0234q, + 0.0192g5 + 0.0192g, + 0.0421¢,
+0.0675q,, + 0.0790q,, + 0.0790q,5 + 0.0962q,
+0.1082q,< + g6 = 0

5q6 595 594 593 5q2 5q1 a8 Ao Jsanll Anapll aladiuly dlaall oda s (Say

e‘ﬁiiw\-.’ e:‘ﬁ\ UJ.A}T Bs.016 5915 5914 5913 5912 5911 5910 599 598 547

:Matlab

g, = —21.4750,q, = —24.9202 g5 = —24.9202,
q. = —21.4750,q; = —21.4750 g, = 9.3386 ,
g, = 41.6115 ,q5 = 76.4767 ,qo = 76.4767,
10 = 70.2191, g4, = 70.2191,q,, = 76.4767,
13 = 76.4767 ,q1, = 41.6115, g, = 9.3386,
Gie = —21.4750

e =2, R? iymall Clagall (5lE DA (e Wadl) uyxi Cagus
5912 5911 5910 599 598 597 596 595 594 543 542 51 G2 ==

Las g alad) o 0lall 8 Aaslil) adll omg gty ALl cVaall & Q16 5 Q15 514 5 Q13
alindl 2ae 3y LS el el o sl e, = 0.0478539445 :f

AB Yy bl pan JUEal asil G el masall JUall Matlab galiy oY) adis
slasall Zpaall T g pally 3l JUall & daia sl

o\

Constants

= 0.707; Diffusion coefficient
= 1; % Time point

Number of boundary elements

oe

o+ T

132



Aol sl Al e daaly dlaa
Jadaa il i AAY Gl Bel 2025 ale 12 31l 47 Ayl

num elements = 16;

% Define boundary points (4 points on each edge of
the rectangle)

% Here we use 4 points per edge to total 16 points

num_points edge = 4; % Number of points per edge
% Define x and y boundary coordinates
x boundary = [linspace (0, 2, num points edge),

2*ones (1, num points edge),
linspace (2, 0, num points edge),
zeros (1, num points edge)];

y boundary = [zeros(l, num points edge),
linspace (0, 1, num points edge),
ones (1, num points edge),
linspace (1, 0, num points edge)];

% Check if the lengths are correct

if length(x boundary) ~= num elements ||
length (y boundary) ~= num elements
error ('The length of x boundary or y boundary
does not match num elements.');
end
% Initialize the coefficient matrix A and vector

zeros (num_ elements) ;

zeros (num_elements, 1);
% Set boundary conditions:
Bottom edge: P = 0
Right edge: P varies linearly from 0 to 100
Top edge: P = 100
Left edge: P varies linearly from 100 to O
b(l:num points edge) = 0; % Bottom edge
b (num points edge+l:2*num points edge) =
linspace (0, 100, num points edge); % Right edge

o°® o° o© oy o
I

o\°

b (2*num points edge+l:3*num points edge) = 100; %
Top edge

b (3*num points edge+l:end) = linspace (100, O,

num points edge); % Left edge

% Define Green's function for Fokker-Planck in 2D
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G = @(xl, yl, %2, y2) (1/(4*pi*D*t)) * exp(-((xl-
x2) "2 + (yl-y2)"2)/(4*D*t));

Q

% Populate matrix A using Green's function

for 1 = l:num elements
for j = l:num elements
if 1 == 3
A(i, j) = 1; % Handling diagonal
elements (self-interaction)
else
A(i, j) = G(x boundary (i),
y boundary (i), x boundary(j), y boundary(Jj)):;
end
end
end
% Solve the linear system A*g = b
g = A\b;
% Display the result
disp ('The solution vector g is:');
disp(q);
% Visualization
figure;

scatter (x boundary, y boundary, 100, g, 'filled');
colorbar;

title ('BEM Solution for the Fokker-Planck Equation
with D=0.707 and 16 Boundary Elements');

xlabel ('x"');

ylabel ("y');

:lgidiliag ilidl) .8

aladinly ey 8 kil Fokker—Planck dalas Jal d4pa)ylsa ol Alliall 028 o3 Lied a3
Y aleall Ja o 3500 LY Glldg dled diyyke et dayyhal) oda g (BEM diaall jealiall 44yl
e oy LS adf LY LSy old bl Jall g ol o) dalas cddadl) Ajall dlalil)
Ja e ey dbianl) Ll Gk Zaeal (535 s ey ¢33 Adphll Ciasal jealial
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B L il o Ll ciaaall Al 8 Ll LS alal) Lgiay Leidlad y Jilsal) s
.R2019a da.ill Matlab zaliy aladinly leasea o

scluagilly claliiiay) .9

e IS 32l Apal) pualiall diph culglad o V) il Do) mitl Adld e a2l
Oo g5l 138 Ageia oy ¢ SST BEN Jall e Lggll WIS jalial) aae ol LS8 gl
e ST o e didaey ST akae daal) dag i) cuilSy Jadas ST JKAN IS 13) Jiledd)
sl adag (Agiial) Aplialinl) Alslaall dipa A dasanal) e gl axe 2 S e DY
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