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Abstract   

Monotone inclusions play a central role in applied mathematics, 
particularly in optimization, variational inequalities, game theory, and 
physical modeling. This paper generalizes the Newton-like dynamics 
previously introduced by Abbas et al. for solving inclusions of the 
form 0 ∈  𝑀 (𝑥)  =  𝐴(𝑥)  +  𝐵(𝑥) in Hilbert spaces, where 𝐴 and 𝐵 
are maximal monotone operators, and 𝐵 is also assumed to be 
monotone and locally Lipschitz continuous. Unlike earlier works, such 
as 𝐴 being a subdifferential or 𝐵 being a gradient, thus making the 
method more general. We establish existence and uniqueness of 
strong solutions using the resolvent operator and demonstrate both 
weak and strong convergence under appropriate conditions. A 
Lyapunov function-based analysis is employed to rigorously study the 
asymptotic behavior. We also explore a discrete version of the 
proposed dynamics, offering practical algorithms for numerical 
computation. Applications in mechanical systems, control theory, 
electrical circuits, and machine learning are discussed, showcasing 
the method's flexibility and effectiveness. Finally, we highlight the 
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potential for further extensions via adaptive regularization and inertial 
methods. 
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وجود ووحدانية وتقارب حلول مسائل الاحتواءات المضطردة العامة في فضاءات راسة د
 هيلبرت
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في قسم الرياضيات كلية العلوم جامعة تشرين أستاذ مساعد  
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 ملخص

 لفي مجااً الرياضيا  الوطبيقية، خصاص أساسياً فياً عنصر المضطردة حتواااا تعُدّ الا

، مقالةال لأنظمة الفيزيائية. في هذه، وموباينا  الموغيرّا ، ونظرية الألعاب، ونمذجة اا الأمثلي

، دمت سابقاً من قبِل عباس وآخرين، والوي قُ الشبيهة بمنظاما  نياتنالديناميكية  نعُمّم الأنظمة

مسائل من الشكل:لحل   

0 ∈  𝑀 (𝑥)  =  𝐴(𝑥)  +  𝐵(𝑥) 

,𝐴 أن حيث ،فضاءات هيلبرتفي  𝐵  مضطردين أعظميين، كما أن  نمؤثري𝐵  مؤثر
 شيتز.بلي

تحت تفاضل لدالة مؤثر  𝐴مثل كان —على عكس الأعمال السابقة الوي تطلبت افوراضا  بنياية

نقام هنا بإزالة هذه القياد، مما يجعل المنهج المقورح أكثر  ،تدرج لدالة مسومرة 𝐵محدبة و 

، كما (Resolvent) لاحتمؤثر ال القاية باسوخدام عمامية وشمالية. نثُبت وجاد ووحتدانية الحل

تحقق الوقارب الضعيف والقاي. ويسُوخدم تحليل قائم على دوال  ضمننسوعرض شروطًا ت

 .بشكل دقيق وصارملانهائي السلاك ال لياباناف لدراسة

المقورحتة، مما يافر خاارزميا   نظمة الديناميكيةمن الأ وقطعةالنسخة الم درسعن ذلك، ن فضلًا 

ددة تشمل الأنظمة الميكانيكية، ونظرية الوحكم، عملية للوطبيقا  العددية. ونناقش تطبيقا  موع

يرًا، نشُير إلى والدوائر الكهربائية، وتعلم الآلة، بما يبُرز مرونة وكفااة المنهج المطروح. وأخ

.القصار الذاتي طرائقما في ذلك الونظيم الوكيفي والمسوقبلية، ب عميمإمكانيا  الو  

الشبيهة بنياتن، لمضطردة، فضااا  هيلبر ، الأنظمة الديناميكية الاحتواااا  اكلمات مفتاحية: 

، تحليل لياباناف، الأمثليا .في الونظيم ماركارد -ليفنبريغطريقة   
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1. Introduction 

In recent decades, monotone inclusion problems have emerged as a 
powerful unifying framework for a broad range of mathematical 
models across optimization [1], control theory [2], game theory [3], 
and physical sciences [4]. These problems typically formulated as 

0 ∈  𝑀 (𝑥)  =  𝐴(𝑥)  +  𝐵(𝑥) 

where 𝐴 and 𝐵 are monotone operators on a real Hilbert space 𝐻 −

 encapsulate numerous structured and unstructured systems, from 
variational inequalities  [7] and equilibrium formulations [6] to 
nonsmooth evolution equations. 

The challenge of solving such inclusions becomes significantly more 
intricate when 𝐴 is set-valued and nonsmooth, and when the system 
lacks explicit gradient structures. While classical methods such as 
proximal point algorithms [4] or splitting schemes (like forward-
backward or Douglas–Rachford) have been extensively studied [7], 
their convergence can be slow or inapplicable in more general 
settings. 

A particularly promising direction arises from dynamical system 
approaches [10], where time-continuous flows are designed to 
asymptotically solve the inclusion. In this context, Abbas et al. [5] 
introduced a Newton-like differential inclusion incorporating 
Levenberg–Marquardt-type regularization, under the assumption that 
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𝐴 = ∂𝜑 for some convex 𝜑, and 𝐵 = ∇𝜓 for a smooth function 𝜓. 
Their work demonstrated strong convergence properties and inspired 
a new generation of continuous-time algorithms. 

In this work, we go significantly beyond such structural assumptions. 
We study a generalized Newton-like dynamical system where both  𝐴  
and 𝐵 are allowed to be arbitrary maximal monotone operators, 
without requiring subdifferential or gradient representations. Our 
framework thus applies to a much broader class of problems, 
including those with nonsmooth, set-valued, or non-potential 
components. 

Our main contributions are as follows: 

 We prove existence and uniqueness of strong global solutions 
using the theory of resolvent operators. [11] 

 We establish both weak and strong convergence results under 
natural conditions. 

 A discrete version of the dynamic is derived, enabling efficient 
numerical implementation[12]. 

 Finally, we demonstrate the practical versatility of the proposed 
framework through applications in mechanical systems [13], 
control [2], electrical networks [14], and machine learning [15]. 

 
2. Mathematical Background  
Monotone for addressing complex problems in optimization, 
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variational inequalities, game theory, 
partial differential equations, and engineering systems. In a 
real Hilbert space 𝐻 with inner product 〈. , . 〉 and norm ‖. ‖ 
, the aim is to find 𝑥 ∈ 𝐻 such that 0 ∈ 𝑀(𝑥), where 𝑀 =

𝐴 + 𝐵 with 𝐴: 𝐻 → 2𝐻 a maximal monotone operator and 
𝐵: 𝐻 → 𝐻 monotone and locally Lipschitz continuous. A 
maximal monotone operator is monotone 
i.e. 

〈𝑢 − 𝑣, 𝑥 − 𝑦〉 ≥ 0  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑢 ∈ 𝐴(𝑥), 𝑣 ∈ 𝐴(𝑦) 
and cannot be extended while preserving monotonicity; 
common examples include subdifferentials of convex 
functions and normal cones to convex sets. While classical 
Newton’s method 

𝑥𝑘+1 = 𝑥𝑘 − [𝑀́(𝑥𝑘)]
−1

𝑀(𝑥𝑘) 
is effective for smooth single-valued mappings, it fails 
for nonsmooth or multivalued operators common in this  
setting. To overcome this, we employ Newton-like 
dynamics with Levenberg–Marquardt regularization,  
introducing a time-dependent parameter 𝜇(𝑡) > 0 to 
stabilize the evolution and enable convergence rates close 
to Newton’s method. Central to the analysis is Minty’s 
resolvent transformation, where the resolvent 𝐽𝐴,𝜇 =

(𝐼 + 𝜇𝐴)−1 is single-valued and nonexpansive, and the 
Yosida approximation 𝐴𝜇 =

1

𝜇
(𝐼 − 𝐽𝐴,𝜇) is Lipschitz 

continuous, allowing the use of Cauchy– 
Lipschitz theory for well-posedness. 
 Rewriting the inclusion 
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𝑥̇(𝑡) + 𝜇(𝑡)𝐴(𝑥(𝑡)) + 𝐵(𝑥(𝑡)) ∋ 0 
 
via the change of variables 

𝑧(𝑡) = 𝑥(𝑡) + 𝜇(𝑡)𝑣(𝑡), 𝑣(𝑡) ∈ (𝑥(𝑡)) 
 
, yields the equivalent forward–backward splitting form 

𝑥(𝑡) = 𝐽𝐴,𝜇𝑧(𝑡),  
𝑧̇(𝑡) + (𝜇(𝑡) − 𝜇̇ (𝑡)  )𝐴𝜇(𝑡)𝑧(𝑡) + 𝜇(𝑡)𝐵 (𝐽𝐴,𝜇(𝑡)𝑧(𝑡)) = 0 

 
which requires only resolvent evaluations of 𝐴 (implicit 
step) and explicit evaluations of 𝐵 (forward step). This 
general formulation, which does not assume 𝐴 is a 
subdifferential or  𝐵 a gradient, extends the framework to 
nonsmooth and multivalued problems such as frictional 
contact in mechanics, control in robotics, and queue 
optimization in machine learning. Under the stated 
assumptions, there exists a unique strong global solution 
an absolutely continuous trajectory satisfying the inclusion 
almost everywhere for a given initial condition and 
convergence can be analyzed via Lyapunov functions. If 
the solution set is nonempty and ∫ 𝜇(𝑡)𝑑𝑡

∞

0
= ∞ , 

trajectories converge weakly to a  
solution; strong convergence requires additional properties 
such as strong or uniform monotonicity of 𝐵 or uniqueness 
of the minimizer. The discrete time analogue 𝑥𝑘+1 =

𝐽𝐴,𝜇𝑘
(𝑥𝑘 − 𝜇𝑘𝐵(𝑥𝑘)), with ∑ 𝜇𝑘 = ∞∞

𝑘=1  and 𝜇𝑘 → 0, , 
retains these convergence properties and is well-suited for 
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numerical optimization and control. 
3. Existence and Uniqueness 
Given the general framework above, we now address the well-
posedness of the Newton-like dynamics. 
We consider the differential inclusion 

𝑥̇(𝑡) + 𝜇(𝑡)𝐴(𝑥(𝑡)) + 𝐵(𝑥(𝑡)) ∋ 0,   𝑡 ≥ 0 
with the initial condition 

𝑥(0) = 𝑥0 ∈ 𝐻 

A function 𝑥: [0, ∞[ → 𝐻 is called a strong solution if: 

1. 𝑥(𝑡) is absolutely continuous on [0, ∞[. 

2. For almost every  𝑡 ≥ 0,  there exists 𝑣(𝑡) ∈ 𝐴(𝑥(𝑡)) such that 
𝑥̇(𝑡) + 𝜇(𝑡)𝑣(𝑡) + 𝐵(𝑥(𝑡)) = 0 

3. 𝑥(0) = 𝑥0 for a given initial condition 𝑥0 ∈ 𝐻. 

We assume that 

 𝐴: 𝐻 → 2𝐻  a maximal monotone operator. 
 𝐵: 𝐻 → 𝐻 monotone and locally Lipschitz continuous. 
 𝜇: [0, ∞[ → ]0, ∞[ is continuous and satisfies 

lim
𝑡→∞

𝜇(𝑡) > 0 

By Minty’s theorem, the resolvent 

𝐽𝐴,𝜇 = (𝐼 + 𝜇𝐴)−1 

is single-valued and nonexpansive. 
Using this property, the inclusion can be rewritten as the fixed-
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point equation 

𝑥(𝑡) = 𝐽𝐴,𝜇 (𝑥(𝑡) − 𝜇(𝑡)𝐵(𝑥(𝑡))) 

Defining 

𝐹(𝑡, 𝑥) = 𝐽𝐴,𝜇(𝑡) (𝑥(𝑡) − 𝜇(𝑡)𝐵(𝑥(𝑡))) − 𝑥 

We note that 𝐹(𝑡, 𝑥) is locally Lipschitz in 𝑥  and continuous in 𝑡. 

Since the trajectories remain bounded in 𝐻, 𝐹 has linear growth, 
and by the Cauchy–Lipschitz theorem, there exists a unique strong 
global solution 𝑥(𝑡) for all 𝑡 ≥ 0. 

 

4. Convergence of Trajectories 
We now study the asymptotic behavior of the strong global 
solution 𝑥(𝑡) to the differential inclusion 

𝑥̇(𝑡) + 𝜇(𝑡)𝐴(𝑥(𝑡)) + 𝐵(𝑥(𝑡)) ∋ 0,   𝑡 ≥ 0 
With 𝑥(0) = 𝑥0 ∈ 𝐻,under the same standing assumptions 
stated earlier. Let 

𝑆 = {𝑥 ∈ 𝐻, 0 ∈ 𝐴(𝑥) + 𝐵(𝑥)} 
be the set of zeros of 𝑀 = 𝐴 + 𝐵, which is assumed to be nonempty. 
The analysis distinguishes between weak and strong convergence, 
and is based on Lyapunov-type arguments and monotonicity 
properties of the operators. 
If The regularization parameter 𝜇: [0, ∞[ → ]0, ∞[  satisfies 
∫ 𝜇(𝑡)𝑑𝑡

∞

0
= ∞ 

then every trajectory 𝑥(𝑡) converges weakly in 𝐻 to some 𝑥∗ ∈ 𝑆 as 
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𝑡 → ∞. To prove this, one considers the energy functional 
𝐸(𝑡) =

1

2
‖𝑥(𝑡) − 𝑥∗‖2 

which is differentiable almost everywhere, and shows that 
𝐸́(𝑡) ≤ −𝜇(𝑡)〈𝑣(𝑡) − 𝑣∗, 𝑥(𝑡) − 𝑥∗ 〉 

for appropriate 𝑣(𝑡) ∈ 𝐴(𝑥(𝑡)) and 𝑣∗ ∈ 𝐴(𝑥∗) satisfying 0 = 𝑣∗ +

𝐵(𝑥∗). By the monotonicity of 𝐴 and  𝐵, the right-hand side is 
nonpositive, implying that 𝐸(𝑡) is nonincreasing and bounded from 
below. Hence 𝐸(𝑡) has a finite limit ‖𝑥(𝑡) − 𝑥∗‖ remains bounded, 
and the sequence of weak cluster points of 𝑥(𝑡) is nonempty. 
Passing to the limit in the inclusion using the demiclosedness of 
maximal monotone operators shows that all such cluster points belong 
to 𝑆, which ensures that the whole trajectory converges weakly to a 
point in 𝑆. 
To obtain strong convergence, additional structure is needed. If 𝐵 is 
strongly monotone with modulus 𝛼 > 0, i.e., 

〈𝐵(𝑥) − 𝐵(𝑦), 𝑥 − 𝑦〉 ≥ 𝛼‖𝑥 − 𝑦‖2,     ∀𝑥, 𝑦 ∈ 𝐻, 
then the solution set 𝑆 reduces to a single point  {𝑥∗}, and the weak 
convergence result strengthens to 

lim
𝑡→∞

‖𝑥(𝑡) − 𝑥∗‖ = 0 
Other sufficient conditions for strong convergence include uniform 
monotonicity of BBB, or in the special case where 𝐴 and 𝑩 are 
subdifferentials of convex functions, the strict convexity of the 
associated potential function. Under these assumptions, the Lyapunov 
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function 𝐸(𝑡) not only decreases to a finite limit but forces 
‖𝑥(𝑡) − 𝑥∗‖ → 0 as 𝑡 → ∞. 

5. Challenges in Achieving Strong Convergence 
Achieving strong convergence requires imposing stringent conditions 
on 𝐵, such as strong or uniform monotonicity, which are often 
restrictive in practical applications. Strong monotonicity  

〈𝐵(𝑥) − 𝐵(𝑦), 𝑥 − 𝑦〉 ≥ 𝛼‖𝑥 − 𝑦‖2     𝑥 ≥ 𝑦, 
 implies a linear growth in the monotonicity condition, which may not 
hold for operators arising in nonsmooth optimization or physical 
systems where 𝐵 models nonlinear forces [5]. Uniform monotonicity, 
with ⟨〈𝐵(𝑥) − 𝐵(𝑦), 𝑥 − 𝑦〉 ≥ 𝛼‖𝑥 − 𝑦‖2 if ‖𝑥 − 𝑦‖ is less restrictive 
but requires ϕ to be strictly increasing and positive, which still excludes 
many operators. Moreover, the monotonicity condition is often difficult 
to verify. For example, assuming a singleton 𝑎𝑟𝑔𝑚𝑖𝑛 𝑀 with 𝐵 
continuous can yield strong convergence [2], but verifying a unique 
solution is challenging in high-dimensional spaces. Weaker conditions, 
like cocoercivity or Lipschitz continuity, typically result in weaker 
convergence, as the Lyapunov function decay rate is insufficient [1]. 
These constraints limit the framework’s applicability to systems lacking 
strong monotonicity, necessitating alternative approaches, such as 
inertial methods or adaptive regularization, to enhance convergence 
without overly restrictive assumptions [4]. 
 
6. Applications and Extensions 

6.1 Discrete Version of the Dynamical System 

The continuous dynamics (1) are discretized as: 
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𝑥𝑘+1 = 𝐽𝐴,𝜇𝑘
(𝑥𝑘 − 𝜇𝑘𝐵(𝑥𝑘)) 

with ∑ 𝜇𝑘 = ∞∞
𝑘=1  and 𝜇𝑘 → 0 ensuring convergence analogous to 

the continuous case [2]. This is suitable for numerical optimization 
and control algorithms [1]. 

6.2 Engineering and Physical Applications 

Monotone inclusions model mechanical equilibrium, control systems, 
electrical circuits, and dissipative physical systems. Our generalized 
framework supports robust numerical methods for these applications 
[4]. 

The generalized framework proposed in this paper enhances the 
applicability of monotone inclusions by removing restrictive 
assumptions, allowing for robust numerical solutions in various 
domains: 

1. Mechanical Equilibrium: Monotone inclusions naturally arise 
in modeling mechanical systems under equilibrium, such as 
contact problems in solid mechanics. For instance, in frictional 
contact problems, the inclusion 0 ∈  𝐴(𝑥) + 𝐵(𝑥) can represent 
the balance between contact forces (modeled by the maximal 
monotone operator 𝐴) and external forces or friction (modeled by 
𝐵). The proposed method can be used to compute equilibrium 
configurations in structures like bridges or robotic arms, where 
nonlinear forces are prevalent. 

2. Control Systems: In control theory, monotone inclusions are 
used to design robust controllers for nonlinear systems. For 
example, the framework can be applied to stabilize a robotic 
manipulator by solving for the control input that minimizes a cost 
function subject to constraints modeled as monotone inclusions. 
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The discrete version of the dynamics is particularly useful for real-
time control applications, where iterative updates are computed at 
discrete time steps. 

3. Electrical Circuits: Monotone inclusions model the behavior of 
nonlinear electrical circuits, such as those containing diodes or 
other nonlinear components. The operator A can represent the 
constitutive relations of passive components (e.g., resistors), 
while B models active or nonlinear elements (e.g., voltage 
sources or diodes). The proposed method enables the simulation 
of steady- state solutions in such circuits, ensuring stability and 
convergence even for complex networks [13]. 

4. Dissipative Physical Systems: Many physical systems, such 
as those governed by partial differential equations (PDEs) in fluid 
dynamics or heat transfer, exhibit dissipative behavior that can be 
modeled as monotone inclusions. The framework can be used to 
solve for steady-state solutions in systems with nonlinear 
dissipation, such as viscous flows or thermal conduction in 
composite materials. 

6.3 Practical Example: Optimization in Machine Learning 

A concrete application of the proposed framework is in training machine 
learning models, particularly in solving nonsmooth optimization 
problems. Consider a regularized empirical risk minimization problem, 
such as training a support vector machine (SVM) with a hinge loss 
function. The optimization problem can be formulated as: 

min𝑥∈ℝ𝑛𝑓(𝑥) + 𝑔(𝑥) 
where 𝑓(𝑥) is a smooth loss function (e.g., the hinge loss) and 𝑔(𝑥) is 
a nonsmooth regularizer (e.g., the 𝑙1-norm for sparsity). This can be 
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rewritten as a monotone inclusion 0 ∈ 𝜕𝑔(𝑥) + ∇𝑓(𝑥)), where 𝜕𝑔 is 
the subdifferential of g (a maximal monotone operator) and ∇𝑓 is the 
gradient of 𝑓 (monotone and Lipschitz continuous). The proposed 
Newton-like dynamics can be applied to solve this inclusion iteratively, 
using the resolvent 𝐽𝜕𝑔,𝜇to handle the nonsmooth term. The discrete 
version of the algorithm can be implemented as: 

𝑥𝑘+1 = 𝐽𝜕𝑔,𝜇(𝑥𝑘 − 𝜇𝑘∇𝑓(𝑥𝑘)) 
where 𝜇𝑘 is a step size satisfying the convergence conditions. This 
approach is computationally efficient for large-scale datasets and can 
be extended to other machine learning tasks, such as deep learning 
with nonsmooth activation functions or sparse regression models [14]. 

6.4 Extensions to Adaptive Methods 
The generalized framework paves the way for adaptive regularization 
techniques, such as Levenberg- Marquardt regularization, which 
dynamically adjust the regularization parameter µ(𝑡) based on the 
problem’s characteristics. These methods enhance convergence rates 
in applications where standard assumptions (e.g., strong monotonicity) 
do not hold, making the framework versatile for real-world problems 
with complex nonlinearities. 
 

7. Conclusion 
This paper significantly advances the study of monotone inclusions 

in Hilbert spaces by generalizing the Newton-like dynamics framework 
introduced in [5]. By removing structural constraints on the operators 
𝐴 and 𝐵, we have developed a more flexible and widely applicable 
method for solving monotone inclusions of the form 0 ∈  𝐴(𝑥)  +  𝐵(𝑥). 
The rigorous proofs of existence and uniqueness of strong solutions, 
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combined with the weak and strong convergence results under well-
defined  

 
conditions, provide a robust theoretical foundation for the proposed 

dynamics. The use of Lyapunov functions and the resolvent operator 
𝐽𝐴,𝜇 enables a comprehensive analysis of convergence, addressing 
both theoretical and practical challenges. 

The expanded applications section demonstrates the versatility of 
the framework in addressing real- world problems in mechanical 
equilibrium, control systems, electrical circuits, dissipative physical 
systems, and machine learning. By providing a concrete example in 
machine learning, we illustrate how the method can be applied to 
large-scale optimization problems, offering computational efficiency 
and robustness. The discrete version of the dynamics further enhances 
its practical utility, enabling implementation in numerical algorithms for 
optimization and control. 

This work opens several avenues for future research. First, the 
framework can be extended to incorporate inertial or accelerated 
methods to improve convergence rates in cases where strong 
monotonicity does not hold. Second, adaptive regularization strategies, 
such as those inspired by Levenberg-Marquardt methods, can be 
further developed to handle a broader class of operators. Finally, the 
application of the framework to emerging fields, such as data science 
and networked systems, holds promise for addressing complex, high-
dimensional problems. By bridging theoretical rigor with practical 
applicability, this work contributes to the advancement of applied 
mathematics and its impact on engineering, physics, and computational 
sciences. 
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