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Abstract

This research presents a constructive methodology for generating
primitive Pythagorean quintuples from pairs of orthogonal integer vectors
in Z3, while proving the necessary and sufficient conditions to ensure their
primitivity. The core contribution lies in defining the scope of this
methodology; it is proven to be complete for a significant subclass, but not
universally complete, as demonstrated by a counterexample. Using
quaternion algebra, it is revealed that this dichotomy is attributed to an
algebraic condition (the factorization of a quaternion into two pure
factors), which establishes a novel structural classification that
distinguishes between 'geometrically constructible' and 'purely algebraic'
quintuples. This deepens the understanding of the relationship between
geometry and number theory.
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