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An Analytical Study to Calculate the Thickness of the Radioactively
Corroded Layer of Control Rods in Nuclear Reactors

Ali Al-Doud?

Abstract

Control rods are among the pivotal components in the structure of
nuclear reactors, as they are relied upon to regulate the rate of the fission
reaction and to maintain the stability and operational safety of the

nuclear system.

Within the scope of this study, an analytical formulation was
induced -developed to accurately describe the behavior of the radiation
eroded layer formed on the surface of control rods as a result of neutron
s employed to estimate flux within the reactor core. This formulation wa
the extent of erosion caused by thermal neutrons for a range of materials

commonly used in the manufacture of control rods. The results indicate

induced erosion -that vanadium exhibits greater resistance to radiation
er materials typically adopted in the nuclear industry. compared with oth
In addition, its economic cost is considered reasonable relative to
alternative materials, making it a promising candidate for extending the
ical proposals service life of control rods. The study also presents pract
aimed at mitigating erosion without the need to replace the entire rod,
based measures that contribute to -through engineering or design
prolonging component lifetime and enhancing its operational efficiency
within the reactor.

Keywords: Corroded Layer Thickness, Thermal Neutron Flux, Control
Rods.

2 PhD in Theoretical Physics.
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Protective properties of the alcoholic extract of the Morus nigra
plant on the liver of rats dosed with sodium nitrite

Hala Salman *, Nahla Ebrahem**, Ali Daoud ***

Abstract

The present study aimed to test the potential protective effects of the alcoholic extract of
Morus nigra plant against sodium nitrite-induced hepatotoxicity and tissue damage in

male mice, and to identify the associated histological changes. The study was conducted

on 24 adult male mice, divided equally into 4 groups, which were treated daily for 12
months, as follows: Group 1: (control), Group 2: dosed with Morus nigra alcoholic
extract (200 mg/kg body weight) once daily, The third group was given sodium nitrite
(80 mg/kg) daily, while the fourth group was given simultaneously Morus nigra extract
and sodium nitrite in the same manner and doses as before. At the end of the experiment,
samples were collected from the mice’s liver for histological examination. The results of
the histological study of the livers of the group dosed with sodium nitrite confirmed the
appearance of severe cellular necrosis and nuclei destruction, the occurrence of fatty and
watery degeneration, and also vascular dilation and congestion, and severe inflammatory
infiltration of neutrophils and lymphocytes were observed, While the results of the
histological examination of the fourth group confirmed the positive effectiveness of the
Morus nigra plant on liver damage in mice induced by hepatotoxicity with sodium
nitrite, a significant improvement was observed in the liver tissue, and it regained a
significant part of its health and became closer to the natural structure of the liver.

Keywords: Hepatotoxicity, sodium__nitrite, blackberry _extract,
histological study , mice.
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Study of Thermodynamic and Kinetic of
the lonization Reaction of 4-Amino-3-hydroxynaphthalene-1-sulfonic
Acid in Different Organic Solvents Using Electrical Conductivity

Jaa sl glla o i: Gl daaad oY) 5 picalal) Al

Abstract

This research investigated the electrochemical and kinetic behavior of 4-
Amino-3-hydroxy naphthalene-1-sulfonic acid (AHNS) in methanol.
Results demonstrated that methanol serves as the optimal solvent due to
its high polarity and ability to form hydrogen bonds, which enhances the
acid ionization process. The reaction followed first-order kinetics, with
both the acid concentration and reaction rate decreasing over time.
Temperature increase raised the rate constant from 0.0036 min™ to
0.0054 mint, with an activation energy of 14.29 kJ/mol. The low
activation energy value indicates that the reaction does not require a high
energy barrier to occur. The results revealed that the dissociation process
is non-spontaneous (AG° > 0) and endothermic (AH°® > 0), while
electrical conductivity showed a direct correlation with both
concentration and time.

Keywords: Chemical Kinetics - Electrical Conductivity - Organic
Solvents - Activation Energy -Acid lonization.
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Solvent used quantity (g)((AHNS) [AHNS]
(mol/L)

0.118 0.1

0.142 0.12

MeOH 0.165 0.14
0.189 0.16

0.213 0.18

0.236 0.2

0.118 0.1

0.142 0.12

EtOH 0.165 0.14
0.189 0.16
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0.236 0.2

0.118 0.1

0.142 0.12

Me-CO-Me 0.165 0.14
0.189 0.16

0.213 0.18
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i 385 B

iy <Y LBUY PS/em)( & 3(min)
Jsilis 2 O sl J s J sl
6 35.5 70.7 117.3 30
6.9 42.5 78.7 127.3 60
7.9 55.5 90.8 142.3 90
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10.9 69 110.7 181.3 150
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Agigll 45y Adlall 4l sy AHNS S uie duadl 0 Jsitnd) 1
- ol Qs 3m Lea gy adsy 0usS e
(- losilull degene SE0 Cua ¢ AHNS (S5l 40 dagdal) i) <55 .2
- ALl AL 3y gl daie Ayl Jladl 3 SO3H)
Cudall dag ) Galia) oy Bgale JS5 AleSl) AU 33 5yl all daja 30l .3
C[12] gD jLay )y A8 jall dalall sl
tLSaliaga s Jsilisall & AHNS Jslaal 4l gl 480 s -4-4
b Alllae (e Jumil 4lyeSl) 4B 8 el Jplid) 3 AHNS Jslas of Lo
Jsladll 13 AU Al & 1A ((2=dsbnd) (sl (sl ) aY) i)
) < sladl) 385 LSualinasa
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Clasas 436 5805 B3y Jslinall 3 AHNS Jslaad 400 oSl 30U o8 :(7) Jgaad)

dikiasa
J $iier T(K) C (mol/L)
(us/cm)

73.4 287.15

115.5 293.15

125.5 298.15 0.1

140.1 303.15

160.5 308.15

84.4 287.15

129.9 293.15

140.1 298.15 0.12
150 303.15

170.6 308.15

86.7 287.15

145.2 293.15
160 298.15 0.14
165 303.15

188.5 308.15

93.8 287.15
160 293.15

176.1 298.15 0.16
178 303.15

195.1 308.15

97.3 287.15

175.8 293.15

188.8 298.15 0.12
191 303.15

210.3 308.15

105.3 287.15

188.8 293.15

192.3 298.15 0.2

198.3 303.15
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ad 5 lagie Uad ey VC 5 A o A0l lall agl) o8 (ol 138 e 2l
° Adag e Jsasll (VC = 0) Loxie) 500 Hpne ao 4xhlii o ) ball 13

((4) Sl Bhaal jhi) il (S
Al ALY (38 (o) SEl dapy b S Gaw Laa
_ A

a = =
:(Ka)cﬂﬁ'ﬂ\ culh lua —4

ASSE i a5 Jailiad) by 8 U Loaes (AHNS)  (mesl) liel

gl 6 e sl 13 dciny o Al LW cluld ) il (K)ol

Loge o€ Jsilinall alasind aad . Shaasl) plsill AECI Jod fase (o (333 s3) gl

comeal) dili e (el Jial) i) Lpdall aalsa il Tk

il alldin gl el A Ll Aasiad 5 ¢ (K)ol Glual

2
o= -
Ka =

1—a

. (AHNS) [aeall dSi culi 1Ka

il Ayt @

. (AHNS) jaeall Y1 Jsall 3850 : C
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danqd oY

2025 e 22 220l 47 Aad)

(AHNS) (meall Jslaal 3yl daps 5 Sall Culhy ddsall 35U o8 2(8) Jiad
1ala Db; ijgj%u J-\Sb:‘ LBS_} d}"u:“d“?ﬁ

InKa | Ka a |logd 2° A C Vo | T(K)
(us/em?®. mol. It (Us/em®. mol. -1 | (moll)
) )

- 0.077 | 0575 734 01 | 031

2.563 6

- 0.081 | 0.551 | 3.105 1276.1 703.3 0.12 | 0.34 | 287.1
2.513 6 5
- 0.063 | 0.485 619.28 0.14 | 037
2.764 4

- 0.062 | 0.459 586.25 0.16 | 04

2.780

- 0.055 | 0.423 540.55 0.18 | 0.42
2.900 4

- 0.057 | 0.412 526.5 02 | 044
2.864 7

- 0.171 | 0.708 1155 01 | 031

1.766 6

- 0.157 | 0.664 | 3.211 1629.1 1082.5 0.12 | 034 | 2931
1.851 6 5
- 0.155 | 0.636 1037.14 0.14 | 037

1.864 4

- 0.155 | 0.613 1000 0.16 | 04

1.864

- 0.161 | 0.599 976.66 0.18 | 0.42

1.826 4

- 0.159 | 0.579 944 02 | 0.44

1.838 7

- 0.130 | 0.663 1255 01 | 031

2.040 6

- 0.118 | 0.616 | 3.277 1892.9 1167.5 0.12 | 0.34 | 298.1
2.137 6 5
- 0.128 | 0.603 1142.85 0.14 | 037

2.055 4

- 0.128 | 0.581 1100.62 0.16 | 04

2.055

- 0.123 | 0.554 1048.88 0.18 | 0.42

2.095 4

- 0.104 | 0.507 961.5 02 | 044

2.263 7
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- 0.094 | 0.609 1401 0.1 0.31
2.364 6
- 0.077 | 0.543 | 3.361 2299 1250 0.12 0.34 | 303.1
2.563 6 5
- 0.075 | 0,512 1178.57 0.14 0.37
2.590 4
- 0.072 | 0.483 1112.5 0.16 0.4
2.631
- 0.070 | 0.461 1061. 11 0.18 0.42
2.659 4
- 0.065 | 0.431 991.5 0.2 0.44
2.733 7
- 0.093 | 0.607 1605 0.1 0.31
2.375 6
- 0.075 | 0.538 | 3.421 | 2640.5 1421.66 0.12 0.34 | 308.1
2.590 6 5
- 0.073 | 0.509 1346.42 0.14 0.37
2.617 4
- 0.063 | 0.461 1219.37 0.16 0.4
2.764
- 0.063 | 0.442 1168.33 0.18 0.42
2.764 4
- 0.068 | 0.439 1161.5 0.2 0.44
2.688 7
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+—287.15K 293.15K ==fe=298.15K —¢—303.15K ==3=308.15K
1800
1600
1400
1200
1000
800 ——
600 *—e oo
400
200
0
0 0.1 0.2 0.3 0.4 0.5

oaaall Jslaal (1) 4 sal LB 54 C o iDL :(4) Al Jakadal)
Jstiall 4 (AHNS)

((AH, AS, AG) &Ssalinaga sl culsily (T) bl dayss (Ka) il cult Jayy -5
LSl sa il Culgills (T) Bball A (Ka) il i Loy Sl Lala) 28501)
.(AH, AS, AG)

AG = —RTInK,4

e

Sl s d8a AG

[(2.314 Jimol-K) ahlall cus iR

Adllall 5y al) dapa T

cekal) eyl Ka
D) e Al aps Al Gl

AG=AH-TAS

iy il Ale e Joans ilid) 58all ey
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InNKa=—AH/RT+AS/R
(AHNS) (meall Jilaal Logine Uaa any 1T 5 INK; 4Dl L) aylly
e anhld s () ball e a5 ((5) Slad) abdall ) ddbisa 5805 ve
kil ) (FAH/R) e Jsanll & Jsall o5 «(AS/R)  ary il <ol jeme
((9) dsd

= (AHNS) aeall Jslaal (AH, AS, AG) Sl sayill gl gill e :(9) Jsaall
[14] dibise shm oy 5805 e Jsiisal

AGJ 5t ASJ H AH J5iy) T(K) C (mol/l)
(KJ/mol) (J/mol) (KJ/mol)
8.818 287.15
8.962 293.15
9.082 24- 1.927 298.15 0.1
9.202 303.15
9.322 308.15
24.726 287.15
25.014 293.15
25.254 -48 10.943 298.15 0.12
25.494 303.15
25.734 308.15
14.290 287.15
14.494 293.15
14.664 -34 4,527 298.15 0.14
14.834 303.15
15.004 308.15
22.308 287.15
22596 293.15
22.836 8.525 208.15 0.16
23.076 -48 303.15
23.316 308.15
17.911 287.15
18.157 293.15
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el a4 dadd 2y 2025 ale 22 axll 47 dlaal)
18.362 -41 6.138 298.15 0.18
18.567 303.15
18.772 308.15
17.896 -41 6.123 287.15
18.142 293.15
18.347 298.15 0.2
18.552 303.15
18.757 308.15
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T e et
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il Al Gla -6
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: dua
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250 Jale: A

]
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. (AEa/2.303R) e Jsanll &5 Jsdll a5 ¢ (10ZA) e

3.45
3.4
3.35

. 33

=, 3.25

g

= 32
3.15
3.1

3.05
0.0032 0.00325 0.0033 0.00335 0.0034 0.00345 0.0035

uT

y =-1305.6x + 7.6541

Jsitidd) 3 (AHNS) e Jslad 1T 5log A o d8al) 1(5) bl habial)
AEa= —1305.6 X 2.303 X 8.314 = 24.998 KJ/mol. k!
oaeall Gl ia sna ) (J30/J5251824.998)  dniiyall Japiil) 48la dad il
Gl A Bt ) sl ol Glia aaa ) @lld (gie L Jitisall Jauy e
alall e i lee ) cliadl) hial o 458 Cancag cdild) ciludall 4)lae
L17]clis) sy AU sl
ua Jitisall 3 AHNS Gaes J slaal 4l gl 480 dufy -5-4

vie (0.2M) b 585 Jsitiall 3 AHNS (ames Jslaal 0 eSI 28L) (8
ey Cum Ailyel ABLI Slea sladinly (0, 30, 60, 90, 120, 150) ks duel
(10) dsaally il cigas (t=0) jta il vie Al el 48U (uld
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de ) s L dpaad oY) 2025 als 22 2all 47 Alaal)
vie Jyibudl 8 AHNS (e Jlaal (0.2M) 4l 48U 28 :(10) Jgaad
dalide due)l
o(us/cm) t (min)

105.3 0

117.3 30
127.3 60
142.3 90
162.3 120
181.3 150

0., = 285us/cm debu 24 3 4l <l LBUY cld &3 Gua

SO

SO;H 3
+
+ MeOH
+ MeOH QO ?
Solvent OH
OH

NH,

NH,

Gmen Jslaad LlyeSl 4B 5 daiine 5255 ladl (10) Jsandl DA e Baa )
Ghal et dlee Sigan e A3l alll sda Ll s e Jsldl BAHNS

dudlia) s Lol 0 5 painna

Gl 385 8 Bl a5 Cus i) ae paeal) delis ) ol 13 e
[17] de b 2damy L) Alls §5ly i 4lyeSl 48U slay) W 5al)

e s o JV Ll e Slelis Joliadl 8 AHNS Gaes oo Gglee 248
Sl Y ) SISal) e e gl DA (e 3a elay . S5 e o gial) SISE deyu aldic]
el S

deldl) deyu (Ahy depull Aalaa (A el AL ()50 uaaS Jsilinal) dery Cun
(do/dlt) LalyeSl) 4B 6 5oLl adiad Amils Sy sasay die 035 e Aliius
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o Gl Lea Jlaall (8 gl Aubidl e pamesll Glia 55 o pdle S5
Y P
V=do/dt = k [AHNS]

o Jlsb OS5l Gl Y g Y Al e SSEN deje ol K dia das
oo+ [17,18] sV Agyall (e cBlelill Shall 73 sail ao lsludl 13a (38155 L Jo il
(delel cxy J8) joa il 2ie AL :

Lol xie 4B : oy

(DU sie) Jelal) JLS) xie 40U : 6,

R ufn e Aoyl culis K

SO;H
M OH
. MeOH ==—>= MR
Solvent
t=0 a 0 0
t a-x X X

culily (6 = 0f) 5 ¢ (X)W S5 e calily (Or = Op) 4Bl & sl N bL‘-'
Jsandl Slail) IV) A5l e Ayl Ablee 6 ¢ (@ — X)) Jeliid) 35 ae
sl 3ak ((T2=308.15K) Jaf o (12) Jsasll 5 (T1=287.15K) Jal o (11)

In( (6w - 6p)/ (0w -01) ) =Kt
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bl aladinly Jolinall 3 AHNS ass i) 285al leglad) 1(11) Jsaadl
(T1=287.15K) sl das xie el 460

In( [ ﬂ'uj T — O, | O — Ty oo T T, t
P (us/cm) | (min)
0 179.7 105.3 0
0.069 167.7 105.3 1 285 117.3 30
0.130 157.7 127.3 60
0.230 1427 | 1797 1423 | 90
0.381 122.7 162.3 120
0.549 103.7 181.3 150

0.6
0.5
0.4
'i F;o.a yo
'“:,'“0.2 " M R2=0.9574
0.1
0
100 150 200
0.1
t(min)

(T1=287.15K) xie () il 5 Im( ==

Fro
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A0 Ll iy Jsitisall 8 AHNS (mes oot 48 al) cilaglaall £(12) Jsaal
(T2=308.15K) 55 all da 0 die il <))

ln[%:::] O — 6, | O — Gy | Oy O e, | t(min)
0 0 143.2 232.3 | 3755 | 232.3 0
0.127 126 249.5 30
0.229 113.8 261.7 60
0.383 97.6 277.9 90
0.528 84.4 291.1 120
0.869 60 315.5 150
1
08
hTTF Y
ol ¢ 04 e ¥ =0.0054x-0.0513
=1 e . R? =0.9502
~ 02 | e
N
0 20 40 60 80 100 120 140 160
-0.2

t{min

(T2=308.15K) xie () il 5 In( 22 )iy idlall :(6) Sll) Jalaal

Tpo ~ Ot

(T1=287.15K) 2= my=ky = 0.0036min*
(T2=308.15K) 2= m,= ko = 0.0054min "t
455yl Lalal) A8l aladinly tp Jelill Coal (e ) lmg Ao puall Cull (e (38 a3
:ujj‘\ﬂ
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L) o gladl Al oaaa daals daa
dual lua ) Ladd oY) 2025 sle 22 ) 47 alaal)
~In2  0.693 , _
::% =~ = 00036 192.5min, T1=287.15K
In2 0.693 ,
t]=—= =128.3min, T2=308.15K

:7 k00036

9=k-[A] k-[ AHNS];

:Je ) ds pu ilbus
ol A e b ) ol e Jolil) Ao lm g e I Ayl e Jolil o L
il (T2 =308.15K)  slall daps ey (13) Jsaad) i) (Ty =287.15K)

1AL (14)Jsad

™

AR e unds ob el e (AHNS (mes) dleliiall sal) 385 5 :[A
[AHNS]; = [ AHNS]o-e ™™
5 k1=0.0036min™* deyudl <yl 5 ¢ t=0 gl e AuN) 3S5 [AHNS]o
k2=0.0054min?
58555 287.15K 8 dns vie Jelill ey el 3ol 385 28 1(13) Jsaal

0.2M s

8, (mol 1" min™1.) | 8)(mol 1" min~t.) | [Al;(moL 1"} | [Alp (mel 1Y) | t(min)
0.00072 0.2 0
0.00064 0.179 30
0.00057 0.161 60
0.00051 0.00072 0.144 0.2 90
0.00046 0.129 120
0.00041 0.116 150

38519 308.15K 3yl daya e Jeldl) deyuy ddelaiall salall 385 o :(14) Jgaall
0.2M Sl

8, (molL. 1!, min~1.)

8y (mol. "%, min~.)

[A],(mol IT)

Al mol 1" [ T

0.00108

0.000918

0.000778

0.2

0.170

0.144

0

30

60
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0.000664 0.00108 0.123 0.2 90
0.000562 0.104 12
0
0.000475 0.088 15
0

a8l Jeldl) Aoy :Adiada
Y01=k1-[A]o=(0.01)-(0.2)= 0.00072 mol-L™*-min™?
S02=kz:[A]0o=(0.011)-(0.2)= 0.00108 mol-L™*-min*

Sun o I Al LSa aity Jsilisall (3 AHNS aes oS Jelii of aay o Lae
phall daps gl a5 Gl L) ae Jhainly Jeliil) dejuy paeall 585 abliy
iap o Jelill depud laaly Taldiel Jels Lea edepudl culh 8 ddagale 52 )
Byl

1 (Ea) bpdadl) 48Ua il

Pl Aalea ladinlys To 5Ty phall Jias die dejull 3 43)lia

o) =5 = = 14221.500]/mol
0.0036) 831428715 30815 ~00j/mo

= 14.221K] /mol
Gy hall oy o adiny Joilinal) 8 AHNS Gaea s Jolis of 3y G Las
Lastid) Laptl) 4l dad i, 3yl Jiaa S vie Y1 Ayl Jelis 48 al
119 Jeigaall piipe 4l Jala ) zliag Y el of ) T
:Gluagilly claliiuy) -5
)y Allall ikl cus AHNS Sl Cude il 0 Jsilisal of 2y L1

il lsdl) 5 3ey Lee cdiiing pan Jadlgy (065 e Auigig

In(
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Oe depull il salyy Y 308.15K ) 287.15 K e syl ¢ lis))
.0.0054min™1 _10.0036min™2

ed ga « (AHC > 0)3)all iuales (AG® > 0) 4l e il Ldee o) .4
. 14.29kJ/mol &g anis Adla
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Numerical Solution of System of linear Fractional Integro-Differential
Equations by Least Squares Method and the Shifted Mamadu-Njoseh
Polynomials

Dr. Suliman M Mahmoud*, Dr. Sameer H Ehssan **, Mohammed H Ismaiel***

0 Abstract o

In this paper, we present a numerical solution for a system of linear fractional integro-differential
equations (FIDEs). The fractional derivative is considered in the Caputo sense. The numerical
method is based on the use of the least squares method with the aid of shifted Mamadu-Njoseh
polynomials, where the problem is converted into a system of linear algebraic equations. The
proposed numerical method was tested by solving three problems, where numerical comparisons
with other methods indicate the efficiency and accuracy of the proposed method. Mathematica
programming was used to process the numerical results, the graphs corresponding to the numerical
solution, and the resulting errors.
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1. Introduction

Fractional calculus (FC) is an extension of classical calculus with a history spanning over 300
years. It generalizes traditional calculus by introducing integration and differentiation of non-
integer (fractional) order [1]. Fractional calculus has been used to model many natural phenomena
across various fields, including natural sciences and engineering, Notable applications include
earthquake modeling [2], control theory [3], electrical networks, fluid flow, diffusion,
electromagnetic theory, probability, statistics, potential theory, and optics [4]. Fractional integro-
differential equations have garnered substantial attention from mathematicians and physicists due
to their effectiveness in modeling complex dynamical systems arising in engineering and scientific
disciplines such as physics, chemistry, economics, electrochemistry, electromagnetism [5],
convection and radiation problems, fluid dynamics, combined conduction, chemical kinetics, and
biological models [6].

In recent years, numerous papers have focused on the development of numerical and analytical
techniques for fractional integro-differential equations. For instance, Saeed and Sdeq [7] have used
homotopy perturbation method to solve system of linear Fredholm fractional integro-differential
equations. Saleh et.al [8] have used Adomian decomposition method to solve system of linear
Fredholm fractional integro-differential equations. Deif and Grace [9] have developed a new
technique based on iterative refinement to approximate the analytical solution of system of linear
Fredholm fractional integro-differential equations. Zedan et.al [10] have applied Chebyshev
spectral method to solve a system of fractional integro-differential equations and Abel’s integral
equations. Barazandeh [11] has used Mintz-Legendre wavelets and their operational matrix to
solve a system of fractional integro-differential equations. Bargamadi et.al [12] have employed the
second Chebyshev wavelets method and its operational matrix to solve system of fractional
integro-differential equations with weakly singular kernels. Masoud et.al [13] have used tau
method based on monic Laguerre polynomials to solve systems of fractional integro-differential
equations. Rahrovi et.al [14] have used Jacobi wavelets and its operational matrix to solve
nonlinear fractional population growth model. Henka et.al [15] have applied Hermite wavelets
collocation method to solve fractional Fredholm integro-differential equations.

In this paper, we present a numerical solution of a system of linear fractional integro-differential
equation of the from:

l 1 l
DU )+ Y el () = 00 + [ Ko, (Z o uk<t)> dt (D
k=1 0 k=1

cr=12,..,1 ,0<x,t<1l,a>0,

with the initial conditions
ut0)=u,; ,r=12,..,1,i=01,..,[a] -1, (2)
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where D%u,.(x) denotes the a-th fractional derivative of u,(x), pyr(x) and f.(x) are known
continuous functions, K,:[0,1] X [0,1] » R ,r =1,2,...,1 are known continuous functions.
Here, x and t are real variables in interval [0,1], ., are real constants, and u,.(x) is the unknown
functions to be determined.

2. Importance and Objectives of the Research:

This study focuses on obtaining a numerical solution for a system of linear fractional integro-
differential equations using the least squares method and shifted Mamadu-Njoseph Polynomials,
Additionally, we assess the accuracy and efficiency of the proposed method. Such equations play
a fundamental role in modeling a wide range of phenomena in science and engineering.

3. Methodology:

This research falls within the discipline of applied mathematics, specifically in the field of
fractional integro-differential equations and numerical analysis. The mathematical techniques
employed are based on approximation theory, linear algebraic systems, and computational
software such as Mathematica 12.

4. Basic definitions of fractional calculus:

In this section, we present some basic definitions and properties of fractional calculus which are
used further in this paper.

Definition 4.1 (see [16]). Riemann—Liouville fractional integral
The Riemann-—Liouville fractional integral operator of order a for a function u is given by:

J%u(x) = %f;(x - Tu(s)ds, a>

0 3)

where JPu(x) =u(x),m—1<a <m ,m €N, and I'(.) is the Gamma function.
Definition 4.2 (see [17]). Caputo’s fractional derivative

The Caputo fractional derivative operator of order o for a function u is given by:

1

24 —
D%u(x) = o)

fox (x — s)M= 21 (M () ds (4)
where m—1<a<m,meN*",x>0.
Hence, we have the following properties [16]:

a 'B — I-'(,B'Fl) a+ﬁ _
* Jx ra+p+n) © B >-1.

k
e J*D%u(x) =u(x)— L‘ﬂglu(")(m)’;—' ix > 0.
o D%*J%u(x) =u(x).
e D*(C =0, Cisconstant.
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[ X = F(B+1) ﬁ—a .
r@i-a) ; BeNy, B = [al.

5. Basic properties of modified Mamadu-Njoseh Polynomials
The Mamadu-Njoseh polynomials of degree n are defined on the closed interval [—1,1] by: [18]
@)=y P 5)
where ¢;(x),j = 0,1,2,3 ..., are orthogonal polynomials on the interval [-1,1] with respect to the
weight function w(x) = x2 + 1.
Mamadu-Njoseh polynomials are shifted on the closed interval [0,1] as follows:
pj(x) = 9;j2x—1),j =0,1,23.. where ¢;(x),(j = 0,1,2,3...) are called the shifted
Mamadu-Njoseh polynomials. The polynomials from degree one up to seven are given as follows:
po(x) =1,
pi(x) = 2x-1,
@5 (x) = §(1 — 20x + 20 x2),
P5(x) = % (=5 + 66x — 168 x2 + 112 x3), )
0i(x) = g (9 — 196 x + 910 x2 — 1428 x3 + 238 x%),
Pi(x) = % (=17 + 550 x — 3990 x> + 10800 x3 — 12210 x* + 4884 x°),
0i(x) = é (333 — 5976 x + 62010 x? — 252780 x* + 478170 x* — 422136 x° + 140712 x°)

we creat The functions @, ,-(x), (r = 1,2,...,1) by shifted Mamadu-Njoseh polynomials, as

follows:
n

B () = Y a7 9100 = 4,7 W) 1 =12,...,1 o
i=0
where
AT =[a),ay",..,a,7] ; @ €ER;i=01,...n,r=12,...,1

w00 = [0, 95, ., 9L )]

6. Mathematical Formulation of Proposed Method

In this section, the least squares method (LSM) with aid of shifted Mamadu-Njoseh polynomials
are applied to find the numerical solution of system (1)-(2). Consider Eq. (1) operating with J¢

on both sides as follows:
1 l
J*Du, () +J° f K (x,0) (Z Hr uk<t)> dt] ®)
0 k=1

l
> e g (x)] = J%f (@) + ]
k=1

r=1,2,..,1.
We get
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W@ =Y w4

l
Zm@M4
1=1 L
K, (x, § dt| r=12..,L 9
fo x t)(kzzlukuka)) t] r ©)

The function u,.(x) can be created as a linear construct of shifted Mamadu-Njoseh polynomials,
as follows:

=] )+

n

Uy ,r(x) = Zair p;(x) ,r=12.,1. (10)
i=0
Let @, ,-(x) denote approximate solution of exact solution w, (x), Substituting (10) into (9), we
obtain:
n m—1 n
Qe 9i =) uSO +F’§Sn«&)(§2mk¢ﬂﬂ> ]
i=0 =0

=] )+

f K.(x, ) (Z i <Z a;k <p;*(t)>> dt] =121 (11)

Hence, R, (x,a,",a,", ..., a,") denotes the residual equation of system (1)-(2) is given by:

R (x,a0",a;:",...,a,") = Zn: a;" ¢; (x) — ril urS(O)D;—?

= =7

+P‘§an&)(§i'kwﬂﬂ>]—ﬂﬁiﬂ

— ] J K (x,t) (Zl: Urk <Z a;® <p;‘(t)>> dt] ,r=12,..,01 (12)
Letting: 1
S.(ay,ar", ., ay") = j[Rr(x, a”,a, . a P w)dx r=12,..,1 (13)

0
where w(x) is the positive weight function defined on the interval [0,1]. Here, we take w(x) = 1

for simplicity. Thus:
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S.(ap",a;",...,a,") =
1 n
= f(Zair @; (x)
0 i=0
s

m-—1 X
— S - a
E ) u®(0) 51 +]

=0

l n
Z Dric (%) (Z a;" 90?(95))] —Jf(x)
k=1

=0

J: K-(x,t) (Z Hrk (io a;" ‘P;(U)) dt

i=

—J¢ ) dx. (14)

In order to minimize the functions (14), we obtained the coefficients of a;"(i = 0,1, ...,n) as
follows:
aS,

T
da;

=0 ;,j=01.,n,r=12..,1 (15)

l n
z Dric (x) (2 a;” 90;(96))] - J%f(x)
k=1

then, we have:

1 n
Of (ZO a;” @] (x) —ZZ:: uS(O)E—T + %

i=

=0

foﬂ(r(x, t) (Z Ui <Z a;* wf(t))) dt]) dx

1 1
x f <<P}‘(x)+]“[prr(X)(P}‘(x)]—]“ U K, (6, ) iy <p;<t)dt])dx=o (16)
0 0

_]0-’

forall r = 1,2, ..., 1, we can obtain a system of (n + 1) linear equations with [(n + 1) unknown
coefficients a;*(i = 0,1, ...,n,k = 1,2, ...,1). This system can be formed by using matrices form
as follows:

H'B" =G, r=12,..,1 (17)
where H" is square matrix of order (n + 1), f” and G"are column vectors of order (n + 1). For
all 0 <i,j <n, we have

H = [ R (0) &7 (x) dx,

g =(11,..,. D7, (18)
Gy = Iy o £ 0 + ZEF S0 5] &7 () dx,
where
l . l
R:"(x) = a;"; (x) +]¢ z Pric(x) a i (x)| = J* f K. (x,t) (Z Hre @i @ (£) dt)] :
k=1 0 k=1

&' () = @i () + /[P (D; (0] = J* U Ky (e, ) prr () dtl :
0
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By solving the above linear system (17) we obtain the values of the unknown coefficients
a,"(i=01,..,n,r=1,2,..,01). Thus, we get the approximate solution of problem (1)-(2).

7. Error Estimate
Theorem 7.1. Let u(x) = [uy (x), up(x), ..., u; (x)]" € R and @i(x) = [y (x), it (x), ..., % (x)]7
R' be the exact and approximate solution vectors of the system (1)-(2), respectively. For each r =
1,2,...,1, suppose that u,(x) € C™**([0,1]) and &, (x) = A, W(x) are linear combination of
shifted Mamadu-Njoseh polynomials. Then, for x € [0,1],

eG) = TnCOlly < 5o

220+ (n + 1)!

(19)
where § = YL_, 8, ; &, isaconstant such that &, = h/{g>f]|ur(n+1)(x)| r=12...,1L
XelU,

Proof. For each r = 1,2,..., [, let p,.(x) denote the interpolating polynomial of u, (x) at the
nodes {x;, u,(xs)}o—o, Where xs(s = 0,1, ..., n) are the roots of the shifted Chebyshev polynomial
of degree n + 1 on the interval [O 1]. Then, according to the interpolation error, we obtain:

(n+1)(y)
4y () = s () = = l_[(x x9) 3y €[01] ,r=12,...,L
The estimates for Chebyshev interpolation nodes are that [19]:
)
|ur(x) pnr(x)l — 22n+1 (r + 1)| ’ vx € [011] Ir = 1121---1l' (20)

Since w1, ,-(x) is the unique best approximation of u,.(x), then we find that:

oty () = T O, < [ () = Py D

1 1

B jluf(x) =Py (@) dx = J (22n+1 fn 1) )2 dx = (22n+1 ?n 1! )2’
0

0

then,

)
|| (x) — unr(x)” < Samra (:H_ Di ,r=12,,...,L

Therefore, the total truncatlon error is:
l

o,
”u(x) - un(x)llz - znur(x) unr(x)” z 22n+1 (Tl + 1)| 22n+1 (Tl + 1)[ ; Z

r=1

Thus, the proof of thls theorem is completed.

8. Numerical Examples

In this section, we test the effectiveness of the proposed method by solving three examples. The
numerical results and graphs corresponding to the numerical solution and the resulting errors
were processed by using the Wolfram Mathematica software.

we denote absolute error as:
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absolute error = |u,(x) — Uy, ()| ; 0<x<1,7r=12,...,1,
where u, (x) is the exact solution and u,, ,-(x) is the approximate solution.

Example 8.1. [8]: Consider the following system of fractional integro-differential equation:

1 2
2 3x3v31"(§) 1
D3 1y () = 5 ——— -

T 6
) . 0
i 2
2 9x3V3r(3) s
DIu,(x) =~ —— N3 243y
4 T 6

\

1

- x+fot(u1(x)+u2(x)) dt,

) 21)

fﬁ@M%meL

0

, 0 < x,t < 1, with the initial conditions u,(0) = —1,u,(0) = 0, the exact solutions are

() =x—1, uy(x) =x2

Solution: Applying the proposed method for (n = 3) , we get the values of the coefficients as:

aol =

—0.5000000000000033,a;* = 0.49999999999999933,

(22)

a,! = —4.267438841479167 X 107> , az! = —4.957308590590608 x 10715,

ay? = 0.44999999999999896 , a, 2 = 0.5000000000000001,

(23)

a,? = 0.1499999999999987 , a;? = 6.348710869160229 x 10716,

These values are then substituted into equation (10), after simplifying we obtain the approximate

solution as:

U3 1(x) = —0.9999999999999991 + 0.9999999999999617 x + 1.3811597636731667 x 10713 x?

—1.1104371242922963 x 10713 x3

(24)

U3,(x) = —2.22738494315422 x 107> + 1.7430501486614958 x 10~ * x

+ 0.9999999999999698 x? + 1.422

111234691891 x 10~ x3, (25)

Table 1. Comparisons of the approximate solution with the exact solution and also displays the

absolute errors for Example 8.1.

(n = 3) Present Method
x Exact Exact Approximate Absolute Approximate Absolute
Solution | Solution Solution Error Solution Error
uy (x) u, (x) uzq(x) U3 1(x) uz,(x) U3, (x)
0.1 —-0.9 0.01 —0.9000000000000017 1.77636 E-15 | 0.00999999999999918 | 8.18789 E-16
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0.2 -0.8 0.04 —0.8000000000000022 2.22045 E-15 | 0.0400000000000002 1.94289 E-16
0.3 -0.7 0.09 —0.7000000000000012 1.11022 E-15 | 0.09000000000000064 | 6.38378 E-16
0.4 —0.6 0.16 —0.5999999999999994 5.55112 E-16 | 0.16000000000000092 | 8.88178 E-16
0.5 —-0.5 0.25 —0.4999999999999976 2.44249 E-15 | 0.2500000000000007 7.21645 E-16
0.6 —-0.4 0.36 —0.39999999999999636 | 3.66374 E-15 | 0.3600000000000003 3.33067 E-16
0.7 -0.3 0.49 —0.29999999999999644 | 3.55271E-15 | 0.49000000000000005| 1.11022E-16
0.8 —-0.2 0.64 —0.19999999999999818 | 1.77636 E-15 | 0.6399999999999999 2.22045 E-16
0.9 —-0.1 0.81 —0.1000000000000027 2.66454 E-15 | 0.8099999999999996 4.44089 E-16
1.0 0 1.0 —0.00000000000001038 | 1.04361E-14 | 0.9999999999999992 7.77156 E-16

Table .2. describes the absolute errors obtained in [8].

Absolute Errors of Adomian decomposition method [8]

(n=3)
x Absolute Error Absolute Error
U3 (x) U3, (%)
0.1 7.77629 E-5 7.8584 E-8
0.2 2.468819 E-4 9.9796 E-7
0.3 4.852601 E-4 441348 E-6
0.4 7.838011 E-4 1.26733 E-5
0.5 1.1369007 E-3 2.87228 E-5
0.6 1.5406049 E-3 5.60477 E-5
0.7 1.9919080 E-3 9.86345 E-5
0.8 2.4884133 E-3 1.609408 E-4
0.9 3.0281453 E-3 2.478708 E-4
1.0 3.609435 E-3 3.647564 E-4
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Figure 1: A comparisons between the exact and
approximate solution of u, (x) for (n = 3).
(Example 8.1)

Figure 2: A comparisons between the exact and
approximate solution of u, (x) for (n = 3).
(Example 8.1)
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Figure 3: The absolute errors of the numerical solution
of @3, (x) for (n = 3). (Example 8.1)

Figure 4: The absolute errors of the numerical
solution of 75, (x) for (n = 3). (Example 8.1)

Example 8.2. [7]: Consider the following system of fractional integro-differential equation:
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=25 5 :
)= 2 2+ [ @ +u)d,
4 = 1 (26)
3 4+/x X
szuz(x)— = & +0fx(u1(t)—u2(t))dt,

,0 < x,t < 1, with the initial conditions u,(0) = 0,u,(0) = 0, the exact solutions are
u (%) = x,uy(x) = x2.
Solution: Applying the proposed method for (n = 3) , we get the values of the coefficients as:

a,' = 0.5000000000000019,a;* = 0.5000000000000002,
| a,t = 3.446428177401212 x 10717 , a;! = —1.081683337748663 x 10718, @
ay? = 0.44999999999999685 ,a;% = 0.5000000000000002 ,

ay? = 0.14999999999999583 , a;? = 2.092690934642706 x 10715, @

These values are then substituted into equation (10), after simplifying we obtain the approximate
solution as:

31(x) = 1.677904314200154 x 107> + 1.0000000000000002 x + 2.661064386417692
X 10716 x%2 — 2.4229706765570074 x 10717 x3. (29)

U3, (x) = —6.862566070964249 X 107° + 5.595524044110789 x 10~ 1* x
4+ 0.9999999999999019 x? + 4.687627693599663 x 10~ 1% x3. (30)

Table 3. Comparisons of the approximate solution with the exact solution and also displays the
absolute errors for Example 8.2.

(n = 3) Present Method
X Exact Exact Approximate Absolute Approximate Absolute
Solution | Solution Solution Error Solution Error
u,(x) u,(x) Uz, (x) U3, (x) U3, (x) U3, (x)
0.1 0.1 0.01 0.10000000000000168 | 1.67921 E-15 | 0.009999999999997788 | 2.21351 E-15
0.2 0.2 0.04 0.20000000000000176 | 1.7486 E-15 | 0.04000000000000083 8.18789 E-16
0.3 0.3 0.09 0.30000000000000177 | 1.77636 E-15 | 0.09000000000000233 2.33147 E-15
0.4 04 0.16 0.4000000000000018 1.77636 E-15 | 0.16000000000000283 2.80331 E-15
0.5 0.5 0.25 0.5000000000000019 1.88738 E-15 | 0.25000000000000244 2.44249 E-15
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0.6 0.6 0.36 0.6000000000000019 | 1.88738 E-15 | 0.3600000000000014 1.38778 E-15
0.7 0.7 0.49 0.700000000000002 1.9984 E-15 | 0.4900000000000002 2.77556 E-16
0.8 0.8 0.64 0.800000000000002 1.9984 E-15 | 0.6399999999999992 8.88178 E-16
0.9 0.9 0.81 0.9000000000000021 | 2.10942 E-15 | 0.8099999999999983 1.77636 E-15
1.0 1.0 1.0 1.0000000000000022 | 2.22045 E-15 | 0.9999999999999978 2.22045 E-15

Table .4. describes the absolute errors obtained in [7].

Absolute errors of homotopy perturbation method [7]

(n=2) (n=6)
x | Absolute Error | Absolute Error | Absolute Error | Absolute Error
U, 1 (x) Uy, (x) Ug 1 (x) Ug 2 (x)
0.2 1.703 E-1 2.319 E-6 1.4219 E-7 1.0926 E-6
0.4 3.818 E-1 1.300 E-3 4.0217 E-7 6.1805 E-6
0.6 4.677 E-1 3.610 E-2 7.4485 E-7 1.700 E-3
0.8 5.400 E-1 7.420 E-2 1.1375E-6 3.460 E-2
1.0 6.037 E-1 1.2920 E-1 1.5897 E-6 6.080 E-2
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D%y, (x) = ——+fxuxdt,
1(x) N 2(x)

4 % (31)
2+vx 1
D% u,(x) = ——+ftuxdt,
(0%l = —3 [ £
,0 < x,t < 1, with the initial conditions u,(0) = 0, u,(0) = 0, the exact solutions are
u;(x) = x, u,(x) = x.

Solution: Applying the proposed method for (n = 3) , we get the values of the coefficients as:

a,! = 0.5000000000000007,a,' = 0.5 ,
] (32)
a,! = 6.726501124136422 x 10716 , a;' = —1.555809373523603 x 10717
ay®> = 0.5000000000000002 , a;% = 0.49999999999999994 ,
(33)
a,” = 3.002831050605498 x 10716 | a;* = 8.26058798084202 x 10718,

These values are then substituted into equation (10), after simplifying we obtain the approximate
solution as:

131 (x) = 9.059086126482105 X 1071¢ 4+ 0.9999999999999953 x + 5.007086032261545
X 10715 x2 — 3.485012996692871 x 107 1° x3. (34)

Uz, (x) = 3.693895365289637 X 1071° + 0.999999999999998 x + 1.72433161091404

X 10715 x2 4+ 1.850371707708612 x 10716 x3. (35)
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Figure 9: A comparisons between the exact and
approximate solution of u, (x) for (n = 3)

(Example 8.3).
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Table 5. Comparisons of the approximate solution with the exact solution and also displays the
absolute errors for Example 8.3.

(n = 3) Present Method

x | Exact Exact Approximate Absolute Approximate Absolute
solution | solution solution error solution error

u (x) u,(x) uz 4 (x) uz 4 (x) Uz, (x) uz,(x)
0.1 0.1 0.1 0.10000000000000046 | 4.57967 E-16 | 0.10000000000000017 | 1.66533 E-16
0.2 0.2 0.2 0.20000000000000018 | 1.66533 E-16 | 0.20000000000000007 | 5.55112 E-17
0.3 0.3 0.3 0.29999999999999993 | 5.55112 E-17 | 0.29999999999999993 | 5.55112 E-17
0.4 0.4 0.4 0.39999999999999986 | 1.66533 E-16 | 0.39999999999999986 | 1.66533 E-16
0.5 0.5 0.5 0.4999999999999998 2.22045 E-16 | 0.49999999999999983 | 1.66533 E-16
0.6 0.6 0.6 0.5999999999999998 2.22045E-16 | 0.5999999999999999 1.11022 E-16
0.7 0.7 0.7 0.7 0 0.6999999999999998 1.11022 E-16
0.8 0.8 0.8 0.8000000000000003 2.22045 E-16 0.8 0
0.9 0.9 0.9 0.9000000000000005 4.44089 E-16 0.9 0
1.0 1.0 1.0 1.0000000000000009 8.88178 E-16 | 1.0000000000000002 2.22045 E-16

Table .6. describes the absolute errors obtained in [7].

Absolute errors of homotopy perturbation method [7]
(n=2) (n=6)
X Absolute Error | Absolute Error | Absolute Error | Absolute Error
Uy 4 (x) Uy, (x) Ug 1 (x) Ug 2 (x)
0.2 5.4392 E-6 2.700 E-3 1.4219 E-7 7.1093 E-7
0.4 1.500 E-3 3.870 E-2 4.0217 E-7 1.0054 E-6
0.6 2.800 E-3 4.690 E-2 7.4485 E-7 1.2314 E-6
0.8 4.360 E-2 5.480 E-2 1.1375E-6 1.4219 E-6
1.0 6.080 E-2 6.080 E-2 1.5897 E-6 1.5897 E-6
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Figure 11: The absolute errors of the numerical Figure 12: The absolute errors of the numerical
solution of #;; (x) for (n = 3). (Example 8.3) solution of 75, (x) for (n = 3). (Example 8.3)

9. Conclusion

In this paper, we presented a numerical method to solve system of linear fractional integro-
differential equations. The numerical results showed the accuracy and effectiveness of the method
compared with other methods such as homotopy perturbation method [7], Adomian decomposition
method [8]. The graphs showed the convergence of the numerical solution to the analytical solution
along the solution interval. We have computed the numerical results using the Mathematica 12
programming.
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