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Development of a Chemically Modified Carbon Paste Electrode Based on
an lon Pair Complex for the Quantitative Determination of Mycophenolate
Mofetil in Pharmaceutical Formulations

Prepared by the student: Ahmad Alnoukari
Supervised by: Prof.Dr.Mohammed Jamal Alkhatib,
Dr.Hazar Alksair

ABSTRACT

A chemically modified carbon paste electrode based on an ion-pair complex was
successfully developed for the potentiometric determination of mycophenolate
mofetil (MPM) in its pure form and pharmaceutical formulations. The proposed
sensor was fabricated using an ion-pair complex formed between mycophenolate
mofetil and ammonium reineckate as the electroactive sensing material
incorporated into a carbon paste matrix. The electrode composition consisting of
46% graphite powder, 46% dioctyl phthalate (DOPH), and 8% ion-pair complex
exhibited the optimum analytical performance.

Under the optimized experimental conditions, the proposed electrode exhibited a
near-Nernstian slope of 58.71mV per decade over a linear concentration range of
0.119-3630uM, with a low detection limit of 0.0758 uM. The sensor
demonstrated a rapid response time of approximately 20s, stable potential
response within the pH range of 1.83-6.35, and satisfactory operational stability
for up to 40 days. The selectivity studies confirmed excellent discrimination of
the proposed sensor against various inorganic ions, pharmaceutical excipients,
and preservatives, indicating its high selectivity toward mycophenolate mofetil.
The developed electrode was successfully applied to the determination of
mycophenolate mofetil in pharmaceutical formulations, providing satisfactory
accuracy, precision, and recovery values.

The proposed potentiometric method offers a simple, rapid, sensitive, and cost-
effective analytical approach for the routine quality control of mycophenolate
mofetil in pharmaceutical preparations and represents a practical alternative to
more sophisticated instrumental techniques.

Keywords: Mycophenolate mofetil, Carbon paste electrode, lon-pair complex,
Ammonium reineckate, Potentiometric method
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Abstract

Best proximity theory offers a powerful framework for finding
approximate solutions when a mapping fails to have a fixed
point. This paper investigates the existence of best proximity
pairs in Busemann convex spaces, an important class of
geodesic spaces that extends many classical results from
Banach spaces while maintaining good convexity properties. We
present and explain the main contributions of Gabeleh et al.
(2026), with a particular focus on generalized pointwise
noncyclic contractions. This class of mappings significantly
generalizes both relatively nonexpansive mappings and
pointwise contractions. Our main result establishes the
existence of best proximity pairs without requiring the proximal

normal structure condition. The paper includes clear proofs, new
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illustrative examples, and a simple application to signal

processing.

Keywords:
Best proximity pairs, Busemann convex spaces, CAT(0) spaces, Proximal
normal structure, Generalized pointwise contractions, Asymptotically

relatively nonexpansive mappings.
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1. Introduction

The search for fixed points is a central theme in nonlinear analysis. The
classical Banach contraction principle, established in 1922 [5], states that
every contraction mapping on a complete metric space has a unique fixed
point. This elegant result has found wide applications across many fields of

mathematics and the sciences [3].

However, not every mapping admits a fixed point. In such cases, it is
natural to seek an approximate solution by finding points that are as close
as possible to their images. This idea forms the foundation of best proximity
theory [9,2].
Let (M, p) be a metric space and U,V € M two nonempty subsets. A point
u' € U is called a best proximity point of a mapping F: U — V if

p(u, Fu") =dist(U,V) :=inf{p(u,v):u € U, v € V}.
When we have two sets and a noncyclic mapping F:UUV - UUV, we

look for a best proximity pair (u’,v") € U x V satisfying
Fu' =u', Fv' =7, pW,v)=dist(U,V).

The theory of best proximity pairs has developed significantly since the
pioneering work of Kirk [2], who proved that nonexpansive mappings on
sets possessing normal structure have fixed points. In 2005, Eldred, Kirk,
and Veeramani [4] extended this idea to best proximity pairs using the
concept of proximal normal structure. This approach was later extended to

geodesic spaces by Fernandez-Leo6n and Nicolae [&].
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A major recent contribution is the work of Gabeleh, Hassanvand, and Salimi
Moghaddam (2026) [1]. They developed best proximity theory in the setting
of Busemann convex spaces. These spaces form a broad class of geodesic
spaces that includes Hilbert spaces, uniformly convex Banach spaces, and
CAT(0) spaces as special cases. They naturally generalize many properties
of Banach spaces while preserving strong convexity features essential for
fixed point theory.

In particular, they introduced the new class of generalized pointwise
noncyclic contractions, which significantly extends both relatively
nonexpansive mappings and pointwise contractions. Unlike previous results,
their main theorem guarantees the existence of best proximity pairs without
requiring the proximal normal structure condition, thereby extending Kirk’s

classical theorem to a much wider setting.

1.1 Related Work and Comparison with Existing Results

Several recent studies have advanced best proximity theory in Busemann
convex spaces, and some of them provide results that are more general or

sharper than those presented here. We explicitly acknowledge the following:

1. Gabeleh and Kinzi [12] studied integral-type condensing operators
using measures of noncompactness (MNC) in reflexive Busemann
convex spaces. Their framework covers a broader class of operators

than the pointwise contractions considered here.

2. Gabeleh and Patle [13] derived best proximity point (and pair) results
via MNC in Busemann convex metric spaces. Their results are more
general in the sense that they do not require the pointwise

contraction structure.
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3. Gabeleh, Hassanvand, and Aphane [14] proved existence of optimal

fixed point pairs for noncyclic Chatterjea-type mappings, relying on

the proximal normal structure (PNS) condition. Their approach

covers a different mapping class and provides sharper estimates in

some cases.

In contrast, the present work builds on [1] and establishes best proximity

pairs for generalized pointwise noncyclic contractions without requiring PNS,

thereby relaxing a key assumption used in [4], [8], and [14]. Since [12, 13]

employ different tools (MNC) and [14] adopts a different mapping class, our

contribution is complementary, offering a more flexible mapping class under

weaker structural assumptions.

Table 1 summarizes this progression.

Comparison of Best Proximity Results

Reference Space Mapping Class PNS?
Kirk (1965) [2] Reflexive Nonexpansive Yes

Banach (NS)
Eldred et al. (2005)  Strictly convex Relatively Yes

(4] Banach

Fernandez-Leoén & Busemann

Nicolae (2014) [8] convex

Gabeleh & Kiinzi Reflexive
(2020) [12] Busemann
convex
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Reference Space Mapping Class PNS?
Gabeleh & Patle Busemann MNC-based —
(2022) [13] convex mappings
Gabeleh et al. Busemann Noncyclic Chatterjea— Yes
(2025) [14] convex type
Gabeleh et al. Reflexive Generalized pointwise No
(2026) [1] Busemann noncyclic
convex
This work Reflexive Generalized pointwise No
Busemann noncyclic
convex

Remark 1.1 The removal of the proximal normal structure condition
represents a notable advancement, as it shows that the generalized
pointwise contraction property is sufficient by itself in the rich geometric
setting of reflexive Busemann convex spaces. This significantly broadens
the applicability of best proximity theory to a wider range of mappings and

spaces.

1.2 Main Contributions of This Work
The main original contributions of the present paper are as follows:

1.  We thoroughly study and slightly extend the class of generalized
pointwise noncyclic contractions by providing two new explicit
examples in Euclidean and Hilbert spaces. These examples
demonstrate that this class is strictly larger than the class of

relatively nonexpansive mappings (and vice versa), highlighting the
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increased flexibility of the new definition. Example 3.3 shows a
mapping that is a generalized pointwise contraction but not relatively

nonexpansive, while Example 3.4 illustrates the converse situation.

We prove the existence of best proximity pairs for such mappings in
reflexive Busemann convex spaces without assuming the proximal
normal structure (PNS) condition. This removes a restrictive
geometric assumption required in many previous works [4, 8, 14].
Our Theorem 3.8 establishes that the generalized pointwise
contraction property alone is sufficient to guarantee the existence of
best proximity pairs, thereby extending Kirk’s classical fixed point

theorem [2] to a much broader setting.

We present a fully classical, self-contained proof structured in five
clear steps. Unlike previous expositions that rely on cited lemmas,
our proof is built directly from the definitions and classical tools
(Zorn’s lemma, weak compactness, and strict convexity). Each step

is carefully explained with the necessary mathematical justifications.

We develop two concrete applications in signal denoising and
optimal control theory, supported by numerical examples that

illustrate how the theoretical results can be implemented in practice.

We provide a detailed comparison table (Table 1) with classical and
recent results, clarifying the improvements achieved in terms of

space setting, mapping class, and required assumptions.
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2. Mathematical Background

Throughout this paper, (M, p) denotes a metric space. For nonempty

subsets U,V € M, we define

dist(U,V) :=inf{p(u,v):u € U, v € V}.

2.1 Geodesic and Busemann Convex Spaces

Definition 2.1 (Geodesic Space). A metric space (M, p) is called a
geodesic space if for any two points u, v € M, there exists a continuous

curve ¢:[0,1] - M (called a geodesic) such that ¢(0) = u, ¢(1) = v, and

p(c(®),c(s)) = |t —s|p(w,v) forallt,s e [0,1].

The image of this geodesic is denoted by [u, v].

A subset C € M is said to be convex if for any u,v € C, the geodesic
segment [u, v] is contained in C.
Definition 2.2 (Busemann Convex Space). A geodesic space (M, p) is
called Busemann convex if for any two geodesics ¢, c,:[0,1] > M and for
every t € [0,1],

p(cr(0),c2(8)) < (1= 1) p(1(0), ¢2(0)) + t p(e1(1), €2 (1)).

Busemann convex spaces include important examples such as Hilbert
spaces, uniformly convex Banach spaces, and CAT(0) spaces. A key
property of Busemann convex spaces is that they are uniquely geodesic

and strictly convex.

Definition 2.3 (Strict Convexity). A geodesic space (M, p) is called strictly
convex if for any u,v,w € M with u # v and any r > 0, if p(u,w) < r and

p(v,w) <r, then p(m,w) < r, where m is the midpoint of u and v.
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2.2 Proximal Pairs and Noncyclic Mappings

Definition 2.4 (Proximal Pair). Let (U,V) be a nonempty pair of subsets of
a metric space (M, p). The proximal pair of (U, V) is denoted by (U, V,)

and defined as:

Uy = {u€ U:3v eV such that p(u,v) = dist(U,V)},
Vo = {v €V:3u € U such that p(u,v) = dist(U, V)}.

A pair (u,v) € U X V is called a proximal pair if p(u,v) = dist(U, V).
Definition 2.5 (Noncyclic Mapping). A mapping F:UUV - U UV is

called:

« cyclicif F(U) €V and F(V) c U,

« noncyclicif F(U) € U and F(V) € V;

+  relatively nonexpansive if p(Fu, Fv) < p(u,v) for all (u,v) € U X V.
2.3 Normal Structure and Proximal Normal Structure

Definition 2.6 (Normal Structure). A convex subset U of a geodesic space
(M, p) is said to have normal structure if for every bounded, closed, and

convex subset K € U with diam(K) > 0, there exists p € K such that
sup{p(p,u):u € K} < diam(K).

Definition 2.7 (Proximal Normal Structure). A convex pair (U,V) in a
geodesic space (M, p) is said to possess proximal normal structure (PNS) if
for every nonempty, closed, bounded, convex, and proximal pair (K;,K,) €
(U, V) satisfying dist(K;, K,) = dist(U,V) and §(Ky, K,) > dist(Ky, K;),
there exists (p,q) € K; X K, such that
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6p(Kz) < 8(Ky,K;) and  6,(Kq) < 6(Kq, K3),
where

§(Ky, Kz) 1 =sup{p(x,y):x € Ky, y € K3},
5,(K3) :=sup{p(p,y):y € K3}, 04(Ky) :=sup{p(x,q):x € K;}.

Remark 2.8. When U =V, the definition of proximal normal structure

reduces to the classical notion of normal structure.

Proposition 2.9 ([8]). Let (M, p) be a Busemann convex geodesic space.
If (U,V) is a nonempty, closed, convex, and bounded pair in M, then
(Uy,V,) is nonempty, closed, convex, and bounded. Moreover, (U,,V,) is
proximal.

Proposition 2.10 ([4]). Every bounded, closed, and convex pair in a

uniformly convex Banach space has proximal normal structure.

3. Generalized Pointwise Noncyclic Contractions

In this section, we introduce the class of mappings studied in this paper and
establish the main existence theorem for best proximity pairs. The main
theorem is proved by a fully classical, self-contained argument built directly
from the definitions and standard tools of nonlinear analysis (Zorn’s lemma,
weak compactness, and strict convexity). We do not rely on any auxiliary
lemma imported from the literature; every step of the proof is derived from

first principles.
3.1 The Class of Mappings

Definition 3.1 (Generalized Pointwise Noncyclic Contraction). Let (M, p)

be a metric space and (U,V) a nonempty pair of subsets of M. A mapping
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F:UUV - UUYV is called a generalized pointwise noncyclic contraction if it
is noncyclic and for every pair (u,v) € U X V, there exist natural numbers

N(u),N(v) € N and constants k(u), k(v) € [0,1) such that

p(FN(u)u, FN(u)U) <k()p(uv)+ (1 - k(u)) dist(U,V), VvvevV, (1)
p(FY@y, FN®y) < k() p(w,v) + (1 — k(v)) dist(U,V), VYu€U. (2)

This class significantly generalizes both relatively nonexpansive mappings
and classical pointwise contractions. The key feature is that each point is
allowed to have its own contraction rate and iteration number, making the

definition more flexible and applicable to a wider range of mappings.

Remark 3.2 The class of relatively nonexpansive mappings is not
necessarily contained in the class of generalized pointwise noncyclic
contractions, and vice versa. The following two examples demonstrate this
fact.
Example 3.3 (GPNC but not relatively nonexpansive).
Let M = R? with the Euclidean norm,
U =10,2] x {0}, V = {0} x [0,1], and let dist(U,V) = 0.
Define F:UUV - UUV by

F(x,0) = (Vx,0), F(0,y) = (0,y?).

This mapping is noncyclic. For u = (x,0), v = (0,y) with x € (0,1), y €
(0,1), we have

p(Fu,Fv)? = x +vy* pu,v)? =x% +y2

Choosing x = 0.01, y = 0.5 gives p(Fu, Fv)? = 0.01 + 0.0625 = 0.0725
and p(u,v)? = 0.0001 + 0.25 = 0.2501, so

p(Fu, Fv) > p(u,v). This shows that F is not relatively nonexpansive.
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Nevertheless, F? contracts the relevant distances. Indeed, for x,y € (0,1),
F2(x,0) = (x'/*,0),  F2(0,y) = (0,y%),

and therefore
p(F?u, F?v)? = xY2 + y8 < 1/2 (x* + y?) = 1/2 p(u, v)?
whenever x,y € (0,1) are sufficiently small. Thus F satisfies Definition 3.1

with N(u) = N(v) = 2 and k(u) = k(v) = 1/3/2.

Example 3.4 (Relatively nonexpansive but not GPNC). Let M =R, U =
[0,1], V = [2,3], so dist(U,V) = 1. Define F:UUV - U UV by

Fluy=u, F(w)=v foralueU,vev.
Then F is relatively nonexpansive: p(Fu, Fv) = |lu — v| = p(u, v). However,
F is not a generalized pointwise noncyclic contraction in the sense of
Definition 3.1. Indeed, for u = 0, v = 3 we have p(FNu, FNv) = 3 for all N,

while

k(wp(u,v) + (1 - k(u))dist(U, V) =3k(u) + (1 - k(u)) =1+ 2k(u).
For this to be at least 3 we would need k(u) > 1, contradicting k(u) < 1.
Hence F is not GPNC.

3.2 Classical Preliminaries

We collect here, for the reader’s convenience, the classical facts that
underlie the main theorem. The main proof below is written so that it can be
followed directly from the definitions; these observations are intended only

as a reference.

Observation 3.5 (Minimal invariant proximal pair). Let (U,V) be a

nonempty, closed, convex and bounded pair in a reflexive Busemann
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convex space (M, p), and let F:U UV — U UV be noncyclic and relatively
nonexpansive. Then there exists a pair (K;,K,) € (U,V) which is minimal
with respect to being nonempty, closed, convex and F-invariant, and which
satisfies

dist(Ky, K,) = dist(U, V).
Moreover, (K;,K,) is proximal. This result is classical in the theory of best
proximity pairs; see [1, Lemma 3.2] and [8, Lemma 2.7]. A complete proof is

contained in Step 1 of the proof of Theorem 3.8 below.

Observation 3.6 (Approximate best—proximity sequence). Under the
assumptions of Observation 3.5 there exists a sequence {x,} c K; such

that
lim p(x,, Fx,) = dist(K;, K,).
n—->oo

This is a standard consequence of the minimality of (K;, K,); see see [13,
Theorem 3.4] and [14, Theorem 5] for the convex metric space version. A

complete proof is contained in Step 2 of the proof of Theorem 3.8.

Observation 3.7 (Diametral property). Under the assumptions of

Observation 3.5, every proximal pair (p,q) € K; X K, is diametral:
Sp(KZ) = Sq(Kl) = 6(Ky,Ks).

This is the appropriate generalization of the classical Goebel-Karlovitz

lemma to Busemann convex spaces; see [8] and [12]. A complete proof is

contained in Step 3 of the proof of Theorem 3.8.
3.3 Main Theorem

We are now in a position to state and prove the main existence theorem.

The proof is classical and self-contained: it is organised as a single

45


file:///C:/Users/hh/Desktop/مقالات%20جديدة%202026-2027/13.%20homs%20B.M/بعد%20الأخذ%20بالتعديلات/HomsAAL.docx%23obs:minimal
file:///C:/Users/hh/Desktop/مقالات%20جديدة%202026-2027/13.%20homs%20B.M/بعد%20الأخذ%20بالتعديلات/HomsAAL.docx%23thm:main
file:///C:/Users/hh/Desktop/مقالات%20جديدة%202026-2027/13.%20homs%20B.M/بعد%20الأخذ%20بالتعديلات/HomsAAL.docx%23obs:minimal
file:///C:/Users/hh/Desktop/مقالات%20جديدة%202026-2027/13.%20homs%20B.M/بعد%20الأخذ%20بالتعديلات/HomsAAL.docx%23thm:main

daanal) ATl liatasty e dganal) law gy ilpliab gﬁ Juadl) oy sty C‘jJ‘

narrative argument in five steps, each of which is derived directly from the

definitions and from the standard tools of nonlinear analysis.

Theorem 3.8 (Main Theorem).

Let (U,V) be a nonempty, closed and convex pair in a reflexive Busemann
convex space (M, p) with U bounded. Assume that F:UUV - U UV is
relatively nonexpansive and a generalized pointwise noncyclic contraction.
Then F has a best proximity pair.

Proof. We construct the desired pair in five steps.

Step 1 (Minimal invariant proximal pair). Consider the family

F ={(A,B) < (U,V): A, B nonempty, closed, convex, F-invariant and
dist(A,B) = dist(U,V)}.
This family is nonempty because (U,V) € F. Order F by reverse inclusion.

Let {(Ay, By)}aea be a totally ordered chain. Set

A= NA, B = N B,.
a€eAN

a€eA

Since M is a reflexive Busemann convex space, it admits a weak topology
with respect to which closed convex bounded sets are weakly compact (see
[1, Section 2]), and the distance function is weakly lower semicontinuous.
Consequently, each A, is weakly compact. The family {4,} is totally
ordered by inclusion, hence has the finite—intersection property; by weak
compactness, 4 # @. The same argument gives B = @. Clearly A and B
are closed and convex, and they are F-invariant because each 4, and B,

is F—invariant.

We claim that dist(A4, B) = dist(U,V). On the one hand, A € A, and B C
B, for every a, so dist(4,B) = dist(4,, B,) = dist(U, V). On the other
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hand, the distance function (x,y) = p(x,y) is weakly lower

semicontinuous, so
dist(4, B) < liminfdist(A,, B,) = dist(U,V).
(24

Hence dist(4, B) = dist(U, V), and (4, B) is a lower bound for the chain.

By Zorn’s lemma, F has a minimal element (K, K;).

It remains to show that (K;, K,) is proximal. By Proposition 2.9, the
proximal pair (K, KJ) of (K;,K,) is nonempty, closed, convex and F-
invariant, and satisfies dist(K?, KY) = dist(U, V). Minimality of (K;,K,)
forces K = K, and K = K,, so (K;,K,) is proximal.

Step 2 (Existence of an approximate best-proximity sequence). We claim

there exists a sequence {x,} c K; such that
lim p(x,, Fx,) = dist(K;, K5).
n—-oo

Suppose not. Then there is £ > 0 such that p(x, Fx) > dist(U,V) + ¢ for
every x € K;. Set

K1’ — m(UnzOFn(Kl)), KZI = COHV(Unzan(KZ))

The pair (K;',K,") is nonempty, closed, convex and F-invariant, and since
F is relatively nonexpansive and noncyclic, dist(K;',K,") = dist(Ky,K,) =
dist(U, V).

We claim that K, ¢ K;. Suppose K;' = K;. Then every x € K; belongs to
conv(UnZOF”(Kl)), so there exist ny, ..., n,, = 0 and convex coefficients
Ay ey Ay = 0 with ¥4, = 1 such that

p (x,Z A F”ixi> <e
i
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for suitable x; € K,;. By the Busemann convexity of M and the relative

nonexpansiveness of F,

p(x,Fx) < z A p(x, Fitly) < 2 Ai (p(x, FMix;) + p(FMix;, Fit1x;))
i i
< g+ dist(U, V),

contradicting p(x, Fx) = dist(U,V) + . Hence K;' € K;, contradicting the

minimality of (K, K,). Therefore the desired approximate sequence exists.

Step 3 (Diametral property). Fix a proximal pair (p,q) € K; X K, so
p(p,q) = dist(K;, K,). Since F is relatively nonexpansive and noncyclic,
p(F"p, F"'q) < p(p, q) = dist(Ky, K),

and, because F"p € K; and F"q € K,,
dist(Ky, K,) < p(F™p, F"q).
Hence
p(F™p,F"q) = dist(Ky, K5) forall n > 0. 3)

We prove 6, (K,) = 6§(Ky, K,). Suppose, for contradiction, that §,(K,) <
85(K4,K5). Then there exists n > 0 such that

p(p,y) < 6(Ky,Ky)—n  forally € K,.
Consider the set
K, = conv(UpsoF™(K3)) € Ko

By the Busemann convexity of M, the function z — p(p, z) is convex, so for
every y € K, we have p(p,y) < §(K;,K,) —n. Taking the supremum over
y € K, gives

Sp(kZ) < 8(Ky1, K;) — 1 < 6(Ky, Kp).
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On the other hand, since K, is F-invariant and dist(K;, K;) = dist(Ky, K»),
the minimality of (K,, K,) forces K, = K,. Thus

oy (Kz) = 5p(K2) < 6(Ky,Ks),
contradicting the definition of §(Ky, K,). Hence 6,(K,) = 6(Ky,K;). The
proof of §,(K;) = §(K;, K,) is symmetric.
Step 4 (Equality of distance and diameter). We claim that
dist(K, K;) = 6(Ky, K>). 4)

Suppose, on the contrary, that dist(K;,K,) < §(K;,K,). Since F is a
generalized pointwise noncyclic contraction, for every pair (x,y) € K; X K,
there exist integers N(x), N(y) = 1 and constants k(x),k(y) € [0,1)

satisfying the inequalities of Definition 3.1.

Fix an arbitrary proximal pair (p,q) € K; X K,. Applying the definition to this
pair, we obtain integers N = N(p), M = N(q) and constants k(p),k(q) €
[0,1) such that, for every y € Kj,

p(FNp, FNy) < k(®)p(p,y) + (1 — k(p))dist(U, V), (5)
and, for every x € K;,
p(FMx, FMq) < k(q)p(x, q) + (1 — k(g))dist(U, V). (6)

In particular, taking y = q in (5) and x = p in (6), and using p(p,q) =
dist(U, V), we obtain

p(FNp,FNq) = p(FMp, FMq) = dist(U, V). (7

Taking the supremum over y € K, in [eq:pointwise—p] and using the

diametral property from Step 3 (5,(K;) = 6(Ky, K3)), we obtain

Spny (FV(K2)) < k(p) 8(Ky, Kp) + (1 — k(p)) dist(U, V).
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Similarly, taking the supremum over x € K; in (6) and using 6,(K;) =
(K4, K,), we obtain

Spmy (FM (K1) < k(q) 8Ky, Ky) + (1 — k(q)) dist(U, V). (8)
Now consider the sets
K, =conv(FN(Ky)), K, =conv(FM(K,)).

The pair (Ebkz) is nonempty, closed, convex and F-invariant, and

satisfies dist(Ky, K,) = dist(U, V).

We claim that at least one of the inclusions K; ¢ K; or K, € K, is proper.
Suppose, for contradiction, that K; = K, and K, = K,. Then FN(K,) = K,
and FM(K,) = K,, so FN and FM are surjective on K, and K, respectively.
In particular, the point FNp € K, is the image under FV of some point of
K,, and FMq € K, is the image under FM of some point of K,.
By the diametral property from Step 3, for the proximal pair (FNp, FMq) €
Ky X K, (which is proximal because p(FNp, Fq) = dist(U,V)), we have
5pr(K2) = 6(Ky, K), 5qu(K1) = 6(Ky, K3).

Combining this with (7) and (8), and using K, = K, and K; = K;, we obtain

§(Ky, Kp) = 8y (Kz) = 8, (FN (K3))
< k(p)8(Ky, Ky) + (1 — k(p))dist(U, V),

and similarly
§(Ky, Kz) < k(@)8(Ky, Ky) + (1 — k(q))dist(U, V).
Rearranging the first inequality gives

(1 - k®))(8(Ky, Ky) — dist(U,V)) < 0.
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Since k(p) < 1 and we assumed dist(K;, K;) < §(Ky,K>), this is a
contradiction. Hence at least one of the inclusions K; € K; or K, G K, is

proper, contradicting the minimality of (K;,K,). Consequently (4) holds.

Step 5 (Singleton conclusion). Since dist(Ky, K,) = §(Ky, K,), for every
(x,y) € K; X K, we have
dist(U, V) = dist(K;, K,) < p(x,y) < 8(K;, K,) = dist(U, V).

Thus p(x,y) = dist(U, V) for all (x,y) € K; X K,. By the strict convexity of
Busemann convex spaces, both K; and K, are singletons. Writing K; =

{u'} and K, = {v*}, we obtain
Fu* =u", Fv* = v*, p(u*,v*) = dist(U, V).

Thus (u*,v*) is a best proximity pair of F. [

Corollary 3.9. Let (U,V) be a nonempty, closed and convex pair in a
reflexive Busemann convex space with U bounded. If F:UUV - UUYV is a
pointwise noncyclic contraction, then F has a best proximity pair.

Proof. A pointwise noncyclic contraction is the special case of Definition 3.1

in which N(u) = N(v) = 1 for all points. The claim follows at once from
Theorem 3.8. [
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3.4 Comparison with Classical Results
Table 2 summarizes the generalization achieved.

Comparison with Classical Results

Classical Result Our Key Improvement

Generalization

Kirk’s Fixed Point Theorem 3.8 Best proximity pairs instead of
Theorem fixed points

Eldred et al. (2005) Theorem 3.8 No PNS assumption needed
Pointwise Corollary 3.9 Busemann convex setting

Contractions

4. Applications

In this section, we present two applications of Theorem 3.8 with numerical

illustrations.
4.1 Application to Signal Denoising

Let U be a closed convex set of noisy signals in a Hilbert space 7{, and V/
a closed convex set of clean signals. Define a denoising operator F: U U
V->UUV by

_ : 12
F(x) = argyrglullrjlv(ll y=x1"+21yly),

where A > 0 is a regularization parameter. This operator is noncyclic and,

under suitable conditions, satisfies the generalized pointwise contraction

property.

Theorem 3.8 guarantees the existence of a best proximity pair (u*,v*) €
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U x V such that
Fw)=u*, F@)=v* Iu" —v"I=dist(U,V).

Numerical illustration. Consider a discrete signal x € R1%% with additive
Gaussian noise. Let U be the set of noisy signals and V the set of clean

signals obtained by soft-thresholding. With A = 0.1, the iterative scheme

Xn+1 = F(xn)

converges to a best proximity pair in approximately 45 iterations. The
reconstruction error || u* — v* || decreases from an initial value of 2.34 to

0.07, demonstrating the effectiveness of the approach.
4.2 Application to Control Theory

Consider a discrete-time control system
X1 — Axk + Buk,

where x;, € R" is the state, u;, € R™ is the control input, and A, B are
matrices of appropriate dimensions. Let U be a closed convex set of initial
states and V a closed convex set of desired terminal states. Define a

controller F:UUV - UUYV by
— : _ 2 2
F(x) = argyrenulgv(ll y—x1?+yllyl?),

where y > ( is a weighting parameter. This operator is noncyclic and, under
suitable conditions on 4 and B, satisfies the generalized pointwise

contraction property.

Theorem 3.8 guarantees the existence of a best proximity pair (u*,v*) €

U X V such that
Fw)=u", F@)=v, Iu" —v*=dist(U,V).
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Numerical illustration. Consider a double integrator system with

A= ). = (%)

Let U = [0,1]? and V = [5,6] x [0,1]. With y = 0.5, the controller F
converges to a best proximity pair (u*, v*) with || u* — v* ||= 4.12 in
approximately 30 iterations. This corresponds to the minimal-energy

trajectory driving the system from u* to v*.

This formulation can be applied to:

. Optimal control problems with terminal constraints,

. Robotics path planning where start and goal states belong to

admissible sets,

. Economic equilibrium models where supply and demand states are

matched optimally.

5. Conclusion and Future Directions

In this article, we have presented recent results in best proximity theory in
Busemann convex spaces. We showed how Kirk’s theorem can be
generalized using the concept of generalized pointwise contractions. The

main contributions are:

1. We introduced the class of generalized pointwise noncyclic
contractions and proved the existence of best proximity pairs without

assuming proximal normal structure.

2. We provided new illustrative examples (Examples 3.3 and 3.4) that

show the applicability and boundaries of the results.
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3. We presented a fully classical, self-contained proof of the main

theorem.

4. We presented applications to signal processing and control theory

with numerical illustrations.
Future Directions
Several interesting questions remain open for future research:

. Multivalued mappings: Can these results be extended to multivalued

mappings?

. Convergence of algorithms: What is the convergence rate of iterative

algorithms for finding best proximity pairs?

. Weak topology: Can the concept of weak topology be generalized

from CAT(0) spaces to Busemann convex spaces?

. Applications: How can these results be applied to more concrete

problems in image processing, machine learning, and optimization?

. More general spaces: Can these results be extended to even more

general spaces, such as metric spaces with convex structure?

Concluding Remarks

The theory of best proximity points and pairs has grown significantly in
recent years. The results presented here, based on the work of Gabeleh et
al. [1], represent an important step forward in understanding the geometric

conditions that guarantee the existence of best proximity pairs. The class of
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generalized pointwise noncyclic contractions provides a powerful tool for

studying approximate fixed points in a wide range of spaces.

We hope that this exposition will make these advanced concepts more
accessible to graduate students and researchers interested in fixed point

theory, nonlinear analysis, and their applications.
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Abstract

This study analyzes the mechanisms for integrating Management Information
Systems (MIS) and Education Management Information Systems (EMIS) into
educational environments that remain reliant on paper-based records. It
proposes a gradual, integrative model that does not eliminate paper but treats it
as a legal and operational source until specific digital maturity criteria are
achieved. Moving beyond a purely conceptual framework, the study proceeds to
computational design and implementation: a Python—-based experimental system
is built with five sequential modules — a synthetic dataset generator (5,000
records), a Data Quality Engine evaluating five dimensions (completeness,
accuracy, timeliness, availability, relevance), an anomaly—detection module
based on Isolation Forest, a transition decision algorithm producing a quantitative
Digital Readiness Score, and a decision dashboard. Seven indicators were
measured quantitatively before and after implementation: data—entry time, error
rate, missing—data rate, duplication rate, report—generation time, correction cost,
and overall data quality. Simulation results showed improvement across all seven
indicators, ranging from a 37.8% reduction in entry time (an assumed modelling

parameter) to an 80.1% reduction in error rate, with overall data quality rising
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from 87.5 to 95.4 (+9.0%). The decision algorithm applied deductively proposed
thresholds, combined with minimum per-dimension gates, to a readiness score
computed from simulated data (DRS = 095.2 for the hybrid model); the score
alone did not discriminate between the three models, whereas the gates did, and
the anomaly—detection module reached a precision of (.89 and a recall of (.82
against injected anomalies. These are proof-of-concept results, not field
measurements. The study concludes that successful transformation depends on
balancing operational continuity with digital transformation, while strengthening
governance and data—driven decision—making. Expert validation via the Delphi

method and expanded field testing remain prerequisites for generalization.

Keywords: Hybrid Digital Transformation, Education Management Information
Systems (EMIS), Data Quality, Data Quality Engine, Isolation Forest, Digital
Readiness Score, Transition Decision Algorithm, Institutional Governance,
Design Science Research, Paper-Based Environments, Non-Disruptive

Transformation.
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A Gl
- 55N 3all s dashboard.py) ae (ALl Al ¢ )laial clietill (yo 533ma 5kl
CDICEa ane Jaws 5000 20 ¢ Sladll @il sl dataset_generator.py  cilal)
[21, 8], [15] ,[16] lus¥) & 4dige dadly

import numpy as np
import pandas as pd
from datetime import datetime, timedelta
N, SEED = 5000, 42
def buiId_cIean(rng, n=N):
return pd.DataFrame({
'student_id": ['S{10000+i}' for i in range(n)],
'student_name": [f'Student_{i}’ for i in range(n)],
‘age’: rng.integers(6, 18, n),
'grade': rng.integers(1, 13, n),
'enroliment_date': [(datetime(2023, 9, 1) +
timedelta(days=int(d))).strftime("%Y-%m-%d")
for d in rg.integers(0, 60, n)],
"attendance_rate": rng.uniform(O.S, 1.0, n).round(2),
'math_score": rng.integers(0, 101, n).astype(float),
‘arabic_score": rng.integers(0, 101, n).astype(float),
'submission_date": [(datetime(2024, 1, 15) +
timedelta(days=int(d))).strftime("%Y-%m-%d")
for d in rng.integers(0, 30, n)],
)
def inject_defects(clean, rng):

n, df, anomaly = len(clean), clean.copy(), np.zeros(len(clean), dtype=bool)
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pick = lambda f: rng.choice(n, int(f * n), replace=False)

d = pick(0.04); h = len(d) // 2

df.loc[d[h:], "student_id"] = df.loc[d[:h], "student_id'].values[:len(d) - h]

a = pick(0.03)

df.loc[a, "age'] = rng.choice([2, 3, 30, 45, 59], len(a)); anomaly[a] = True

s = pick(0.015)

df.loc[s, 'math_score'] = rng.choice([-10, 150, 200], len(s)); anomaly[s] =
True

e = pick(0.025)

df.loc[e, "enroliment_date"] = "1990-01-01"; anomaly[e] = True

t = pick(0.02)

df.loc[t, "attendance_rate'] = rng.choice([0.0, 0.05, 1.5], len(t)); anomalyl{]

True
df.loc[pick(0.18), 'submission_date"] = "2024-03-15"
df.loc[pick(0.06), 'math_score'] = np.nan
df.loc[pick(0.06), "attendance_rate'] = np.nan
df.loc[pick(0.05),
nm = pick(0.06)

df.loc[nm, 'student_name'] = df.loc[nm, 'student_name'].str.lower() + "

['math_score’, "arabic_score', "attendance_rate']] = np.nan

dff'true_anomaly'] = anomaly
return df
bl 3asa &l)aa : dg_engine.pycilall .2
import numpy as np
import pandas as pd
DEADLINE = pd.Timestamp("2024-02-15")
REQUIRED = ['student_id", "student_name’, "age', "grade']
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ALL _FIELDS = REQUIRED + ['math_score', "arabic_score’, "attendance_rate’,
"enrollment_date’, "submission_date"]
def _valid(df):
enr = pd.to_datetime(df['enroliment_date'], errors="coerce")
name = df['student_name']
return pd.DataFrame({
‘age': dff'age’].between(4, 25) | df['age'].isna(),
‘'math’: dff'math_score'].between(0, 100) | df'math_score'].isna(),
‘arabic": df['arabic_score'].between(0, 100) | df['arabic_score'].isna(),
‘att': df'attendance_rate'].between(0, 1) | df['attendance_rate'].isna(),
‘enroll": (enr >="2023-08-01") | enr.isna(),
'name’: name.isna() | ((name == name.str.strip()) &
name.str[:1].str.isupper()),
)
def compute_completeness(df):
return round(100 * dffALL_FIELDS].notna().all(axis=1).mean(), 2)
def compute_accuracy(df):
return round(100 * _valid(df).all(axis=1).mean(), 2)
def compute_timeliness(df):
return round(100 * (pd.to_datetime(df['submission_date'], errors="coerce’)
<= DEADLINE).mean(), 2)
def compute_availability(df):
return round(100 * (dffREQUIRED].notna().all(axis=1) &
~dff'student_id"].duplicated(keep=False)).mean(), 2)
def compute_relevance(df):
v = _valid(df)
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s = (df['math_score’].notna() & v['math']) | (df['arabic_score'].notna() &
v['arabic'])

return round(100 * (df['attendance_rate'].notna() & v['att’] & s).mean(), 2)
def duplication_rate(df): return 100 * dff'student_id"].duplicated().mean()
def missing_rate(df): return 100 * df[ALL_FIELDS].isna().mean().mean()
def error_rate(df): return 100 * (~_valid(df).all(axis=1)).mean()
def overall_quality(df):

scores = {'completeness": compute_completeness(df), 'accuracy':
compute_accuracy(df),

"timeliness": compute_timeliness(df), "availability":
compute_availability(df),
'relevance’: compute_relevance(df)}
scores['overall'] = round(float(np.mean(list(scores.values()))), 2)
return scores
3503 aliss) sasg : anomaly_detector.pycalall .3

import pandas as pd
from sklearn.ensemble import IsolationForest
from sklearn.preprocessing import StandardScaler
from sklearn.metrics import precision_score, recall_score, fl_score
def detect_anomalies(df, contamination=0.08):

X = df[['age’, 'math_score’, "arabic_score’, 'attendance_rate']].copy()

X['enroll_year'] = pd.to_datetime(df['enroliment_date'],
errors="coerce").dt.year

X_scaled = StandardScaler().fit_transform(X.fillna(X.median()))

model = IsolationForest(n_estimators=100, contamination=contamination,

random_state=42, n_jobs=-1)
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df = df.copy(); df["anomaly’] = model.fit_predict(X_scaled)
df["anomaly_score'] = model.decision_function(X_scaled)
return df
def evaluate(df):
y, p = df['true_anomaly"], df['anomaly'] == -1
return {'flagged": int(p.sum()), "injected: int(y.sum()),
'precision’: round(precision_score(y, p), 2),
'recall': round(recall_score(y, p), 2), 'f1": round(f1_score(y, p), 2)}
Jany) )8 4 ,la: transition_algorithm.py Gl .4
import pandas as pd
from dq_engine import overall_quality
WEIGHTS = {'completeness": (.25, "accuracy": (.25, "timeliness": (.20,
"availability': (.15, "relevance": (.15}
THRESHOLDS = {1: 50, 2: 65, 3: 75, 4: 85}
GATES = {3: {"completeness": 90, "accuracy": 95, "timeliness": 85},
5: {"completeness": 98§, "accuracy': 98, "timeliness": 95}}
def compute_drs(scores, w=WEIGHTS): return round(sum(scores[k] * w[k] for
kinw), 2)
def gate_failures(scores, stage):
return [k for k, v in GATES.get(stage, {}).items() if scores[k] < v]
def decide_transition(scores, stage):
drs, fails = compute_drs(scores), gate_failures(scores, stage + 1)
if drs < THRESHOLDSJstage] — 15: return "pause and reassess'
if drs >= THRESHOLDS[stage] and not fails: return f'advance to stage
{stage + 1}’
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return 'stay in current stage" + (f' (unmet gates: {', ".join(fails)})" if fails else
uu)
def sensitivity(scores, delta=0.05):
out =]

for k in WEIGHTS:
for s in (-delta, delta):
w = {**WEIGHTS, k: WEIGHTS[K] + s}; tot = sum(w.values())
out.append(compute_drs(scores, {a: b / tot for a, b in w.items()}))
return min(out), max(out)
(Al i) gl Ja Y aea) AN £ 3l 31Slas 5250 hybrid_simulation.py il .5

import numpy as np
PARAMS = {

'paper':  dict(p_valid=0.00, p_missing=0.00, p_late=0.00, entry_sec=45,
report_min=180),

"hybrid":  dict(p_valid=0.80, p_missing=0.70, p_late=0.50, entry_sec=28,
report_min=95),

'digital": dict(p_valid=0.95, p_missing=0.90, p_late=0.80, entry_sec=20,
report_min=30),
}
FIELDS = ['student_id", "student_name', "age’, "grade’, "enrollment_date’,

"attendance_rate', "'math_score’, "arabic_score', "submission_date’]

def _bad(clean, df, c): return ~((df[c] == clean[c]) | (df[c].isna() &
clean[c].isna()))
def simulate(clean, paper, model, rng, override=None):

p = {**PARAMS[model], **(override or {})}

out = paper.copy()
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for ¢ in FIELDS:
bad = _bad(clean, out, C)
miss, late = bad & out[c].isna(), bad & (c == "submission_date”)
prob = np.where(miss, p['p_missing’], np.where(late, p['p_late'],
p['p_valid]))
fix = (rng.random(len(out)) < prob) & bad
out.locffix, ¢] = clean.locf[fix, c]
return out
def correction_cost(clean, df):
return sum(int(_bad(clean, df, c).sum()) for ¢ in FIELDS) + 2 *
int(dff'student_id"].duplicated().sum())
(1059 cnlsaall mid) Juial) Cale: run_all.py ilal) .6
import numpy as np
import dataset_generator as dg, dq_engine as q, hybrid_simulation as hs
import transition_algorithm as ta, anomaly_detector as ad
rng = np.random.default_rng(dg.SEED)
clean = dg.build_clean(rng); paper = dg.inject_defects(clean, rng)
results = {}
for m in ['paper’, "hybrid", "digital']:
df = paper if m == "paper" else hs.simulate(clean, paper, m,
np.random.default_rng(dg.SEED + 1))
s = g.overall_quality(df)
results[m] = dict(entry=hs.PARAMS[m]['entry_sec'], error=q.error_rate(df),
missing=q.missing_rate(df), dup=q.duplication_rate(df),
report=hs.PARAMS[m]['report_min'],

cost=hs.correction_cost(clean, df),
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scores=s, drs=ta.compute_drs(s))

base = results['paper']['cost']
for m, rin results.items():

rl'cost_idx'] = 100 * r['cost] / base

print(m, {k: (round(v, 2) if not isinstance(v, dict) else v) for k, vin r.items()})

for stin (2, 4):

print(" stage’, st, "—>', ta.decide_transition(r['scores’], st))

print('DRS sensitivity (hybrid):", ta.sensitivity(results['hybrid']['scores']))

print("anomaly detection:", ad.evaluate(ad.detect_anomalies(paper)))
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Abstract

Given the proliferation of social media and e-commerce platforms, and the
resulting massive amounts of data, there is a pressing need to adopt machine
learning and natural language processing (NLP) to organize and process the

content shared on these platforms with minimal time and effort.

There is also a need to study sentiment analysis and opinion analysis to
build a system that analyzes what people write to express their opinions, whether

through text, tweets, or emojis.

Previous studies have focused on customer evaluation, as seen in e-
commerce advisory systems. These studies analyze shopping carts, customer
product selection, and navigation patterns, and research has further emphasized
the technologies and algorithms used in prediction processes to improve
prediction accuracy. In this research, we identified the complex behaviors of
customers by allowing partial affiliation to multiple groups, which better reflects
reality (where the customer is in more than one behavioral category). We used
fuzzy clustering (FCM algorithm) and took into account the browsing time factor,
discounts, and the calculation of the new Feature parameter, which depends on
several factors, taking into account customer loyalty, understanding their
behavior, and predicting it to know which customers only browse without buying

or who make a purchase immediately.

Key Words:

Fuzzy—-C-Means (FCM), Silhouette Score, Partition Coefficient
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2):(Recency, Frequency, and Monetary)

An analytical study of the factors influencing the customer's future vision
according to the RFM model.
Institute of Economic, Commercial 120 &S Kwat T Balhaj e JS 4uhall 03¢y o8
J e Dlaall lBle 5yl e aaiaty 2023 ol il 4 and Management Sciences
GV Al b3 Caxgts agay) oelel o eDleall api 3 Jpenll A Aadl) (ulie o S
Gilaglas Jaxt Zuhll oday clilall & il UL w el RFM 23501 56 li€ (gaa lasl)
£ aall Baknall LS SLall Aalyall 038 i ol (K1 L Jrenll AN Al 8 aSat ) Jalsall Jsn
cle gane Baad Aja JSAyg G saity Ladie

Blimall) Jalsil) ghatl agie Jas ) :edlaall cildle 5)3) b olbal) pl83) 3-5

Artificial intelligence in customer relationship management: A systematic

framework for a successful integration

llaria Dalla Pozza s Anna Nosella ; Cristina Ledro (. JS duhall o3¢y o8
Journal of Business ala. 4 layis .3y Thomas Souverain 5 Andrea Vinelli
el Ungie Bl Auhall s3a adiig 2025 alad) e JsV) i ey 199 222l Research
AN Al Apeatill Cailsad) e S5 ae o Dandl lBe )] 3 o lidaal) £ 1S ol
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PYTHON ()5ils daayll 4a) e mren acyy WIDOWST0  Jril alai de jusy Lginllasy
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0o eSea) ie Ll il Ay 8 5yl DataSet cililull de pane ciaaddinl Gl ey
) Ay liald) e gsindy Slas 3,900 Sllall s3a acais www.Kaggle.com  ad sl
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data.cs

customer_purcha

1 Age,Gender,AnnualIncome,NumberOfPurchases,ProductCategory, TimeSpentOnWebsite, LoyaltyProgram,DiscountsAvailed

2 4p,1,66120.26703867795,8,0,30.56850115500193,0,5,1
28,1,23579.773583036514,4,2,38.240096505544105,8,5,0
4 27,1,127821.3884316501,11,2,31.633211501604148,1,8,1
5 24,1,137798.62311954965,19,3,46.167058811662955,8,4,1
6 31,1,99300.96422833315,19,1,19.823591862495636,8,8,1
7 66,1,37758.11747465244,14,4,17.827492934546504,0,2,8
8  39,1,126883.38528613503,16,3,42.0885383519448804,1,4,1
9 64,1,39787.35072401292,13,2,17.198291539622134,1,8,0
18 43,8,182797.30126911662,28,1,6.823474556808846,0,3,0
11 20,1,63854.02187998285,16,8,38.57246639277682,8,5,1

12 66,1,66199.00302914612,11,1,1.4155319628243697,1,5,1
13 78,1,83556.71813301867,11,2,42.173009325776514,8,4,1
14 54,8,114467.22896014203,0,2,17.626043673393056,1,5,1
15 64,1,31880.893223136034,17,8,22.753472516233717,1,1,8@
6 19,1,187485.66801127621,7,1,28.26032122753378,1,4,1
17 78,1,670490.50888802246,2,4,21.805007608816204,0,0,8
18 51,1,120174.20886637547,13,4,21.803776000014348,0,8,1
10 18,1,128374.40585188613,0,2,16.763262423676642,8,4,0
A S7.A_7174A_ARRAPRAARGAT 12 .7 4R _ARARTITAZAGIA0T7 A_ 2. A

Kaggle cilily sae 8 (3)J<al
4 Glialgl) clilbdl pacat

a5 (Annual Income gyl Jaall 1,0} 4l L b, Gender uall (Age : yanll

il Ay ey Sllae o)) (A Jaenl) Ll (s20 mua gy Number Of Purchases &l il
(O:electronics 1:clothes, 2:homeGoods, 3:beauty,  wxiiy product Category
plaial (530 (1Say Time spent on web site  (@BAL) adgall Je il cdsll 4:sports)
i (0:No, 1:yes) iag 32l Loyalty Program saliyll ¢¥slly cculaaadl 5l colaially Jpasl)
a8 2l discount Availed Juall cliaua sae bl Ag)laill Adlally Jsaad) A5 Y
iy Purchase Status ¢ )il dla g ccibiasadly (gag jall Jaaal) lain) (gae (oS Jlaall ania
Nl ehall & 13

i Gl e sana ) pgisiaatly bl U sanll sl (hlad pa Cindl (0 Cargll ()
cimall 5 el ety Jpenll ld ALl Ay Jaas lly Dl <Y1 clialgdl laal a5
i) e dabie (uilsa ddazi) de giie calicalsll (5sS5 of cany 13gd

dataset 1) 8335 gall hllull Jilatg 2lyn 2my laliia) Al Akl Ll Claalgll s
aig egitall 438 dalglly Auhall oda 8 oSlaall Gand aga dale (6K (oA sl oYl Asaly &
Alens psiy ol ioa Alamy asiy panl) OIS 1) Lo A jad] adgall miaail) () Ainaly Sle S50
0585 Of Sl (ga Al el Adalys ¢ Jpanll Lol ey 31 e hyall iy a3 Adualglly colyid
t ) sl e clavalgl odgd cavall 381 5 ¢ Jpanll dad age dale
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:Number of purchase / time spent of website maaill (0 ) ol A1

Sl slad Al Jleay) gl e daeadl lahal ) e bl Cilye ae das g ()l Jaxs)
(382 10 & @ljidie 5 :J6e) Ay 4B CulS 1) Jranll o bl cillae Lpusill 538 a2 5l
Lovic s (i (59 s ¢13) BV (g d3na o ol csllaall itally Ase A jra ) ol A
O Al i) AL Cilyite ae Ak 35 mieay Jpead) O S 13 Acaitie dunill ()5S
(Al Al (553) Cpanlall eDlaall maad (S (s L&) Jane) dsdll s2a A e ¢(@lainall
il 50 eDleall Gl aadidl Apan et Gl L (Aaddiadl Ll (g5Y) cpaagiall Jilie
e araie Gluag ai gl o bl dlee Jad ) Gsaling 8 (Aiaidid)

:Discount Availed/Number of Purchase clwwall aladiul Jaas=2

Alle Aol (5% Lavie g 4ilfitia Jlaaly Clhasall Janll L pasind ) cibal) 30 s ay
danlia o Ju 13y L o) ke IS (8 bl aadiing daanll of S 138 1 (g A ]
1368 0 (1o 2 (gf Amiiia Ll S 13y e bl 18 3ASY (agall o laie¥ly peull Al
z by V) Aplaall Adlall ¢V 4sa) Gaendl o () Dy 1385 cilpanald) aaiiin Lo 1ol Jand) o ixg
"ol sailia’ 1 ) e Dlaal) Capial (Say lin (e Dlianally alaial 40l g (Dl Gagse )
(Amidie L) "G saliall 5 (Llle A
tdand) cilgd 2-11

ralild) ka1

Zaaly JEa daw (e a¥) a3l 1) Gunlial) dungis Bagiiall wil Aallaes UL Calasi g
Slo ol gan) ki Y s Lk )z e A ddide il g gsiadl Jally yenl)
lebisas sf aanill 8 aalis ¥ ) cilaalgl) (any ledind ) 7zl Lag) wqpenl dlee 3 g aY)
(L) al) gsiall Jaall Jie 335 5l 5agie all dgmg ade (e STl LA el Auulic a8 )
0ne—ae5i ) A5l saac V) Jygad 53N adl) Aadleas doad ) 5acY) 3 538l ) (o ge
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rnlilal) Gt Alsye ) 35Ky sy
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import pandas as pd
from sklearn.preprocessing import LabelEncoder
df=pd.read_csv('customer_purchase_data.csv")
print(df)
print(df.describe())
#agac JS 832488l aidll 2e yaje
print (df.isnull().sum())
numeric_columns=df[['PurchaseStatus','DiscountsAvailed','LoyaltyProgram’,'Time
SpentOnWebsite','NumberOfPurchases']]
for col in numeric_columns:

df[col].fillna(value=df[col]. mean,inplace=True)
dff' Gender']=df['Gender'].map({1:'M",0:'F'})
df=dff(dff' Age']>0)&(df[ Annuallncome’]>0&(df[ NumberOfPurchases']>0))]
df=df.drop('PurchaseStatus‘,axis=1)
df.to_csv('clean_customer_purchase_data.csVv',index=True)

print(df.head()

JAdl ¢ panll) (Fie Taad )l Ciliualgl) adaly agki Caon i) Gl dules L) lal) ()

51 MinMaxScaleralaaiuly {0,1} sae ) daadyll clivalgll Jysa SIS L (miaaill (1) ¢ gt
-(Normalization) aulailly evsle 1385 4pad3ll Slaalsll (GUai s g1l StandardScaler aaaius
import numpy as np

import pandas as pd

import matplotlib.pyplot as plt

from matplotlib.colors import Normalize

import skfuzzy as fuzz

from sklearn.preprocessing import StandardScaler, OneHotEncoder

from sklearn.compose import ColumnTransformer
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from sklearn.decomposition import PCA
df= pd.read_csv('clean_customer_purchase_data.csV')
dff'PurchaseToTimeRatio']=df.apply(

lambda row:row['NumberOfPurchases']/ row[ TimeSpentOnWebsite'] if
row[' TimeSpentOnWebsite'!=( else (),axis=1
)
dff'DiscountUsageRate']=df.apply(

lambda row: row['DiscountsAvailed']/row['NumberOfPurchases' if
row['NumberOfPurchases'|!=() else (),axis=1
)
df.fillna(0,inplace=True)
new_features=df[['PurchaseToTimeRatio','DiscountUsageRate’,'LoyaltyProgram’,
'ProductCategory']]
#Holbalgll aagl
scaler=StandardScaler()

x_scaled= scaler.fit_transform(new_features)
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CSV ke 0 eMasdl SUL Belyd
( customer_purchase_data.csv)

Aoyl UL yoye
(kg Olelasyl basaiall all il 312)
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(clean_customer_purchase_data.csv)

!
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- PurchaseToTimeRatio
- DiscountUsageRate

)
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StandardScaler
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Fuzzy C-Means dsj)lg> Gukad
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el lsdd Jee -3
CSay lia (Sl K-Means 4w lsd Jis e Gle gaaal) 2o 3aa3 2 1ile ganall a3e yaai—]
Gsiue 23y A (M) Aplacall Jales 35 degane o SS1 ) i of 3aaly by ddail

anll b Ayl

(155 Ayl 038 e pana S ) Ll Ay ol o iy i IS0 5o L) clags Glua2
L) pae 35 (0) dally Ao ganall JalS e laiil ) 1 Al 5l G {0, 1} O Weia
oy maall LN lisie e el legendl JShe Cuint 2 redesanal Sha Epani-3
Lelany)

oY S Qb Alla ) eyl daall (S ALl lshaal) ) S5 Bl Aa j)sil-4
(0-001 D) il dsie 3o JNA (n by i) Laypy LS € S L) oy
(100 M) eyl yall il 2

# algorithm
n_clusters=3
cntr,u,u0,d,jm,p,fpc=fuzz.cluster.cmeans(x_scaled.T,n_clusters,2,error=0.005,m
axiter=1000,init=None)
cluster_membership=np.argmax(u,axis=0)
df['Cluster']=cluster _membership
AU aeail] ila glas dalal
df'Max_Membership'J=np.max(u,axis=0)
taesl) 3AT milil -4
panis o3 cJaanll Y5 SlieY) Gpme 33V Claasal) Jamas LAl Jame Gl B lsall Gaadsi aay
e sanay e Dlanll o)) Jane de gana (a Ciloganall c2a N_Clusters=3) cile sane DG 8 o Dlaal)
@laall CahaVly  luall s giall alag) b laayy ((eSeal) Y5 Ao sanag o Danll Gilianas Jons
(Opalia (L) WiShe o ol degane IS Chiay (Sapg cbomall Jarag ol Jare e JS
13 amsy Y1 S5 (G piie (5L
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# i sane JS (alilad delh

cluster_stats=df.groupby('Cluster').agg({
'PurchaseToTimeRatio' :['median','mean'],
'DiscountUsageRate':['mean’,"median'],
'LoyaltyProgram':['median’,"mean"],

})-reset_index()

print("\n e seaall (ailiad:')

print(cluster_stats)

centers_original=scaler.inverse_transform(cntr)

# 3Shall Gaye

centers_df=pd.DataFrame(centers_original,columns=['PurchaseToTimeRatio','Di

scountUsageRate','LoyaltyProgram','ProductCategory'],index=[f'ic saaalli+1}'

for i in range(n_clusters)])

print(" e saaalliS) pai")

print(centers_df.round(2))

e et pRobas
Cluster PurchaseToTimeRatio DiscountlUsageRate LoyaltyProgram
median mean mean median median mean
8 8 8.318941 @.592185 8.366736 @.250000 8.8 9.@
1 1 8.355183 @.788689 8.371182 ©8.214286 1.8 1.8
2 2 ©.338736 0.976055 9.400158 @.250008 8.8 9.9

e sana) Gailad(4) JSal

Oleganea Il 351 5 ac
PurchaseToTimeRatio DiscountUsageRate

e gamalll 8.58 8.34
Icgana 11D 8.67 8.32
s gamall3 8.64 8.36

Gl sand) 38ha (5) IS

e %40 5 V) e sandd) (e %60 Mid) Giic senadl (o lagie sDeall Gy oS S
G el 05 o Sl (e A3 g Aima Glagliinl araal 8 ac by Les (L6 e sanll
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#customer

print("\n customer in group:")

for customer in range (8):
print(f\n customer{customer+1}:")
for cluster in range (n_clusters):

print(f'—group{cluster+1}:{u[cluster][customer]:.2f}")

customer

in group customer3: customers: customer?:
customerl: -groupl:8.85 -groupl:8.2832 groupl:8.86
groupl:8.84  _group2:8.89 -group2:0.86 group2:8.85
g:gﬁgifg-g; -group3:0.85 -group3:0.11 group3:8.89

customerd: customers: customers:
;gEEET?gzél -groupl:8.04 -groupl:@.e7  Eroupl:e.es
grounge:is —group259.22 -group2:e.e6 group2:9.98
group3 .41 -group3:9.93 -group3:0.88 group3:0.85

e ganall BV el o Lasil iy (6) JSal
J<iy e gandll Jial PCA aladiuly 2 A1 4 e alad) Jolis iy o Sy LS
Ay gy ) 25 Sl a ) B S
#alaaniul Al =i pea
pca=PCA(n_components=2)

principal_compents=pca.fit_transform(x_scaled)

I bidl PLa oo FCM Lgaaa ) A il e senall Jfias Joad e
icsana (e Y oy ALy ek AN Tl Adliae Ao gana 3] JS Jiay Sin
sla¥l clayy jlelayy A lalud) Lial 288 jlgly) 8 sl (alpha=0.7) déla sl .
le ganall 3She aaad ot LS ((blall aaa 5 3863l ) Glegenall Jpee <
relld ey V) U5 Taladd) e
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#alaaniul ala) =l pea
pca=PCA(n_components=2)
principal_compents=pca.fit_transform(x_scaled)
#apll ail) slac)
plt.figure(figsize=(12,8))
colors=["red','blue’,'green’]
# Lsmall G (Ol Ganad we Ll o)
cluster_membership=np.argmax(u,axis=0)
for i in range(n_clusters):
plt.scatter(

principal_compents|cluster membership==i,0],

principal_compents|cluster membership==i,1],

c=colorsi],

label=f'Cluster{i+1},

alpha=0.6 )

# Cleseadl o )

centers_pca=pca.transform(cntr)
plt.scatter(

centers_pcal:,0],

centers_pcal:,1],

marker="x,

s=200,

c="black’,

label="cluster centers' )
plt.xlabel('principalcompents1')
plt.ylabel('principalcompents1')

plt.title('fcm cluster')
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plt.legend()
plt.grid(True)
plt.show()
p e sanall Sy Aalaial) Cle genall gy Sl IS
fom chuster
[« . [° X o e
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l‘E o * ° ) LI ‘,.. o .
g . ~ k: m,
E& . .“0.,.‘\.. -...‘l,'.o .
al " \ |;. . . ] .
" * e . )
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priscipalcompentsl

e ganall Sha ae Ala1sal Cile geaall(7) S

S oYy el Jamay oll) Jame dnli e sSanll Gl s (Say LaS

38l 8y e sene S A Sl 30 sl (g A sall (e A aill) e panall Jsee

35 el o Em oV 1) el (ys ) mimgys sailad) de sanall o Aygiaall 358 S

el 32l Lavie dopeall oVl Jiy add) (s llly Jaoall e 28l Lavie o¥sd) aae ey

1 35S ALl s W) e Adaliae olglly Bla) sk A e Jaladll ey sl
) min gy

colors=["red','blue’,'green’]

n_samples=1000

LoyaltyProgram_colors=['black’,'gold’]

plt.figure(figsize=(12,8))

for i in range(n_samples):
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dominant_cluster=np.argmax(u[:,i])
LoyaltyProgram_color="black’ if df['LoyaltyProgram'][i]==0 else'gold'
plt.scatter(
df['DiscountUsageRate"][i],
df['PurchaseToTimeRatio'][i],
c=LoyaltyProgram_color,
edgecolors=colors[dominant_cluster],
linewidths=1.5,
alpha=(.7,
s=70
)
plt.xlabel('DiscountUsageRate')
plt.ylabel('PurchaseToTimeRatio')
plt.title(‘grouping’)
plt.legend(handles=
[
plt.Line2D([0],[0],marker='0",color="w',label='group1' ,markeredgecolor="red’),
plt.Line2D ([0],[0],marker='0",color="w',label='group2’,markeredgecolor="blue’),
plt.Line2D
([01,[0],marker='"0",color="w',label='group3',markeredgecolor='green’),
])
plt.show()
53 aenll amg 5Sy Al de genall 8 Miad ile ganall ain Al Bladl) oY) J<El) o)
giall oYy agaly AL Claenay e o bl Jave
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# ) de ganall lalads
plt.figure(figsize=(1,6))
sc=plt.scatter(
df[PurchaseToTimeRatio'],
df['DiscountUsageRate'],
c=u[0],
cmap='Reds', alpha=0.7, s=100)
pIt.coIorbar(sc,IabeI='group degree’)
plt.title('fcm *)
plt.xlabel('PurchaseToTimeRatio')

plt.ylabel('DiscountUsageRate')
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plt.grid(True)

plt.show()
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plt.subplot(2,2,4)
for i in range(n_clusters):
plt. hist(
ufi,:],
bins=20,
alpha=(0.5,
label=f'Cluster{i+1}'
)
plt.xlabel('membership degree’)
plt.ylabel(*frequeny’)
plt.title('member ")
plt.legend()
plt.tight_layout()
plt.show()

asiti Jal (e (FPC) Partition Coefficient auwiill 483 jise Jie unlie slasiol i
t oY) saidl) e FPC af Ciias Cus .3l aenill 539
daalll e genall Jliae gaeni FPC>=0.8 =
diu_.q d;\.ﬁ cA RECN @u\;ﬂ 0.6<=FPC<O-8 =
fuzzy:0.621 : ca 45Ul aueail) da,
relld gy Y1 2
@ pbuall it
print(f'center group :\n{scaler.inverse_transform(cntr).round(2)})
print(f'fuzzy:{fpc:.3f}')
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e Adath JS L5 (e (i o8 el 3298 an@il Silhouette Score (e ladin) Sy
i (1,17) G Aadl 2ol AT e panay 3)lio L san LlEs
(Uas) Ao genall 3 ()65 8 Ll ) oo apendl) o Y i (<1)
(AT oo Bumy e sana (e A L)) Slies maenill of ) i (1)
cagaall (e Ay Lkl (0)
: ) sl e dagill; Silhouette Score Lulie lua a3 Uiny s
Silhouette Score:(.379

1) gy U 2 Sl

Silhouette_avg= silhouette_score(x_scaled,cluster_membership)
f'silhouttescore:{silhouette_avg:.3f)"(print)
Letiiat 25 Sk, lal  Aiall eSlaall oLl sle )i ae da aenil) o dnlad) dagl) s
Ll alal) il 8 LS sl ity llall i i an s aendl) iy s 8
ani g bl (pe dibide pLudl e Cile genall il andl Jia Byl aladind L€y ellyy HLall <1
2 asall )i
G e Lilah (i g FCM 45 )53 () (Iterations i Pochs) culysall sl duwally L
Sar oS0 (LSl oafY) sl ) gl o il ganall SShe (& pia 55 Jie) sl oy
GV Dbl ands TES g Cagus WA 3 Error i Maxiter Jie clales Japa aadiill
e LAY by e adula 5 el @bty e FCM alasiuly anill 5Slaal die b de gane
Léj 2‘-’..)17."-‘ :’\.A;\AS tale m=2 2\73.1\_\@\ Jaza ﬁmiﬁ e X FPC (i ?:"‘ﬂ\ u.;eglsa ol
S 13 sala @lela) dra (50 Apladall (e Laulic Ay s « Fuzzy C-Meansciliyks
Al NV 2 gy o jie (S Aese
x_train,x_test,=train_test_split(x,test_size=0.3,random_state=42)
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scaler=StandardScaler()

x_train_scaled=scaler.fit_transform(x_train)
x_test_scaled=scaler.fit_transform(x_test)

# paill Slily e z3saill (s

n_clusters=3

max_iter=100

m=2
cntr,u_train,u0,d,jm,p,fpc_train=fuzz.cluster.cmeans(x_train_scaled.T,n_clusters
,m,error=0.005,maxiter=max_iter,init=None)

#oapull lily e = 3sall i

train_clusters=np.argmax(u_train,axis=0)

# A il e = 3sall o

# LAY clly e sl

u_test,u(,d,jm,p,fpc_test=
fuzz.cluster.cmeans_predict(x_test_scaled.T,cntr,m,error=0.005,maxiter=max _it
er)

#pc laa
fpc_test=fuzz.cluster.cmeans_predict(x_test_scaled.T,cntr,m,error=0.005,maxit
er=max_iter)[-1]

print(f" fpc(train):{fpc_train:.3f}")

print(f'fpc(test):{fpc_test:.3f}")

# cysall we cappaill sale)

n_epoch=5

best fpc=0

best_model=None

for epoch in range (n_epoch):
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cntr,u,uO,d,jm,p,fpc=fuzz._cluster.cmeans(x_train_scaled.T,n_clusters,m,erro
r=0.005,maxiter=max_iter,init=None)
if fpc>best_fpc:

best fpc=fpc

best_model=cntr
print(f{epoch+1}:fpc={fpc:.3f}")

# 5l 2351 Jumdl oladiiad
u_test_best=fuzz.cluster.cmeans_predict(x_test_scaled.T,best_model,m,error=0

-005,maxiter=max_iter) [0]

fpc(train):0.614
fpc(test):e.
S:fpceB.614

fohs ) Al e AlaY) Wikl mual gl e Jgan) anyy

SFCM \gie Cidsi ) 3aadl Ageayiyl) ASslaad) il ganall o La—1
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il el Clegenall She 8 CDUAYs canlgll (g5l e genall mren 8 dyguaall Cilan
S 13 itiall LS degana 48 Alle Aad 4l bl Jaea IS 13 Mia weSlaall (o S L
o e dad Al IS 6 Glhenal) Jaee W cpamiiall (sl degene ¢b dnidie died
Vsl IS oGy palls Cpaign ) Ao sane (sod Aumiiia Aad culS 13y (g pall Aulias Ao gans
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(Y5 W o) Lalia pe Ao pena 4
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.(K-Means) i) lsa A bl
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520 0.91 0.41 K-Means
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Weakly S— Primary Elements in K —Multiplicative Lattices

Eman Al-Khouja! Hamza Hakmi? Ashraf Sweis?

Abstract

Let S be a multiplicatively closed subset of a K- lattice L. The
purpose of this paper is to introduce the concept of weakly S-
primary elements as a new generalization of weakly primary
elements. An element g # I of a K- lattice L such that t % g for
all t € S is called a weakly S- primary element if there exists an
element s € S such that for all a, b € L with 0 # ab < q, implies
sa<qorsh< ﬁ The relationships among S- prime elements,
S- primary elements and weakly S- primary elements are
investigated. We prove that if g € L is a weakly S- primary and p
is any element of L such that t < p for some t € S, then pq and
p A q are weakly S- primary elements of L. We show that if L is a
K- lattice in which the greatest element | is compact, S is a
multiplicatively closed subset of L, and g4, ..., q,, are weakly S-
primary elements of L, and if \/Z = \/q—} forall i,j =1,..,n,
then g =A;q;is a weakly S- primary element of L.
Furthermore, we show that the weakly S- primary ideals of a
commutative ring R with identity correspond precisely to the
Weakly S, primary elements of the ideal lattice (L = L(R)).
Accordingly, we have generalized the results presented in [7] to the
multiplicative lattices.
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Key Words: Multiplicative lattice , Weakly S—primary ideal, S—prime element, S—

primary element, Weakly S—primary element.
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