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Determination of copper ions in water using
graphite electrodes modified by electrodeposition of
Poly [aniline-Co-(O-toluidine)].

University of Al- Baath — College of Science
Iman Al Hasoon

prof. Seba Nassif prof. Hazar Alksair

Abstract:
Due to the toxicity of high concentrations of copper ions in water,
a modified graphite electrode was prepared by electrochemical
deposition of poly[aniline-Co—(O-toluidine)] to be used as a
selective sensor for copper ions. The polymer was synthesized in
an undivided cell consisting of a graphite electrode as an anode
and a zinc electrode as a cathode. The reaction was carried out
at room temperature, using ammonium perchlorate as a supporting
electrolyte, 0.2 mol hydrochloric acid. The polymer was
characterized by FT-IR and DXR spectrometers and scanning
electron microscopy (SEM). As a result of the deposition of the
polymer on the surface of the electrode, it was used as an
electrochemical sensor, as it showed sensitivity to copper ions at
room temperature, and showed selectivity for copper ions

compared to some other ions dissolved in water.

Keywords : Modifier electrode, electrochemical sensor,

electrochemical polymerization, copolymerization.
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Analysis of the spatial distribution of
fault data and the associated stresses in
the northern Levant Faults

Dr. Abdulkarim Al Abdalla*
Dr. Khadija Othman**

Abstract

The Statistical analysis of the faults types, its directions and the
accompanying stresses in the northern Levant Fault showed that
normal and strike-slip faults dominate the study area and that the
evolution of the deformation pattern is controlled by tensional and
strike-slip stress. The highest ratios of the presence of normal faults
were concentrated in the eastern border of Al-Ghab rift and its
vicinity, while the right and left strike-slip faults were almost
homogeneous in its distribution over the entire studied area. E-W
and N-S Plio-quaternary tensional stresses dominated the eastern Al-
Ghab Rift and the adjacent Aleppo Plateau. While NNW-SSE
compressional stress, accompanying the formation of the Levantine
fault, and its deviations dominated the entire study area. E-W and N-
S tensional stresses accompanying Al-Ghab rift formation agree in
direction with the direction of tension in strike-slip stress system of
the Levant fault and its deviations, which indicate the transference
of the strike-slip system into a tensional system during periods of
rest and relative stability in the left-lateral movement of the
Levantine fault.

Key words: Faults— Levant Fault - Coastal Range- Alepo plateau - GIS.

*Assistant Professor at department of geology, faculty of sciences, Tishreen
university-Syria
**Research Doctor at the Directorate of Water Resources - Lattakia — Syria
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algilay) daaa J8 8 duliall (3l sdl) 230 4dlig daaa JS B (3l i) el A
S wsmiis | ek |G |Gt |G | de | N | g | e | e | B | s
1 36.32288314 | 35.07981756 12 0 7 1 20 0.9 60.0 0.0 35.0 5.0
2 36.3128894 | 35.03555958 0 1 8 16 0.7 43.8 0.0 6.3 50.0
3 36.17583245 | 35.08267291 9 0 6 6 21 1.0 42.9 0.0 28.6 28.6
4 | 36.31003405 | 34.99415696 11 1 1 5 18 0.8 61.1 5.6 5.6 27.8
5 | 36.10730397 | 34.99558464 | 23 0 8 5 36 1.7 63.9 0.0 22.2 13.9
6 | 36.10444862 | 35.3639252 36 0 2 0 38 1.8 94.7 0.0 5.3 0.0
7 | 36.17214428 | 35.4826603 0 2 7 17 0.8 47.1 0.0 11.8 41.2
8 | 36.15370346 | 35.48979869 0 10 7 19 0.9 10.5 0.0 52.6 | 36.8
9 | 36.10968343 | 35.53976737 0 18 7 33 1.5 24.2 0.0 54.5 21.2
10 | 36.15489319 | 35.58259767 1 7 10 24 1.1 25.0 4.2 29.2 41.7
11 | 36.19296457 | 35.62245364 17 0 22 5 44 2.0 38.6 0.0 50.0 11.4
12 | 36.11087316 35.722391 15 0 2 10 27 1.3 55.6 0.0 7.4 37.0
13 | 36.14715994 | 35.78009293 6 7 3 7 23 1.1 26.1 30.4 13.0 | 30.4
14 | 36.13030757 | 35.82885323 0 13 10 23 1.1 0.0 56.5 43.5 0.0
15 | 36.22389756 | 35.84136405 9 0 16 14 39 1.8 23.1 0.0 41.0 35.9
16 | 36.23222568 | 35.84076919 12 0 4 21 1.0 57.1 0.0 19.0 23.8
17 | 36.36554109 | 35.98988325 11 0 11 8 30 1.4 36.7 0.0 36.7 26.7
18 | 36.35940787 | 35.89698395 5 0 20 32 57 2.6 8.8 0.0 35.1 56.1
19 | 36.36030016 | 35.89311733 1 0 11 5 17 0.8 5.9 0.0 64.7 29.4
20 | 36.27557912 | 35.94157246 13 0 8 2 23 1.1 56.5 0.0 34.8 8.7
21 | 35.98218613 | 35.70750071 23 0 3 5 31 1.4 74.2 0.0 9.7 16.1
22 | 35.91377662 | 35.63016823 7 13 0 6 26 1.2 26.9 50.0 0.0 23.1
23 | 35.88462822 | 35.60518389 13 7 2 2 24 1.1 54.2 29.2 8.3 8.3
24 | 35.86380794 | 35.57068171 20 0 1 4 25 1.2 80.0 0.0 4.0 16.0
25 | 35.86023875 | 35.75187766 1 0 10 12 23 1.1 4.3 0.0 43.5 52.2
26 | 35.86238026 | 35.74045625 41 3 24 0 68 3.2 60.3 4.4 35.3 0.0
27 | 35.78635649 35.692986 13 30 0 1 44 2.0 29.5 68.2 0.0 2.3
28 | 36.77894864 | 35.88274802 19 0 5 13 37 1.7 51.4 0.0 13.5 35.1
29 | 36.69757108 | 35.88845872 5 0 6 7 18 0.8 27.8 0.0 33.3 38.9
30 | 36.66283095 | 35.86180876 22 0 8 5 35 1.6 62.9 0.0 22.9 14.3
31 36.6519626 | 35.86063769 10 5 1 11 27 1.3 37.0 18.5 3.7 40.7
32 | 36.73905087 | 35.80555316 10 0 7 8 25 1.2 40.0 0.0 28.0 32.0
33 | 36.69146165 | 35.79484559 25 6 3 5 39 1.8 64.1 15.4 7.7 12.8
34 | 36.69860003 | 35.77105098 3 0 10 9 22 1.0 13.6 0.0 45.5 40.9
35 | 36.71851033 | 35.72606051 19 2 6 33 1.5 57.6 6.1 18.2 18.2
36 36.3234713 | 35.95521903 26 0 7 33 1.5 78.8 0.0 0.0 21.2
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2024 als 4 21l 46 Aaal) L) p gl Al Cinl) Asaly Alaa
Chaie daund | A aal) a Q) 2
37 | 36.62043474 | 35.82042479 12 0 23 42 1.9 28.6 0.0 16.7 54.8
38 | 36.62138652 | 35.6217398 18 0 2 26 1.2 69.2 0.0 23.1 7.7
39 | 36.63268896 | 35.5789095 26 0 7 37 1.7 70.3 0.0 10.8 18.9
40 | 36.50188394 | 35.52500344 16 0 16 7 39 1.8 41.0 0.0 41.0 17.9
41 36.4034697 | 35.60530286 31 0 6 6 43 2.0 72.1 0.0 14.0 14.0
42 | 36.62364701 35.7210823 54 0 10 9 73 3.4 74.0 0.0 13.7 12.3
43 | 36.50616697 | 35.41733283 45 0 8 10 63 2.9 71.4 0.0 12.7 159
44 | 36.57451699 | 35.33577681 23 0 6 37 1.7 62.2 0.0 21.6 16.2
45 | 36.62138652 | 35.33798908 41 0 13 9 63 2.9 65.1 0.0 20.6 14.3
46 | 36.49617323 | 35.40210428 42 0 5 50 2.3 84.0 0.0 6.0 10.0
47 | 36.32030122 | 34.91208802 11 1 6 8 26 1.2 42.3 3.8 23.1 30.8
48 | 36.75225688 35.1886779 0 7 10 6 23 1.1 0.0 30.4 43.5 26.1
49 | 36.59001944 | 35.06219089 31 0 2 4 37 1.7 83.8 0.0 5.4 10.8
50 | 36.51685101 | 35.07765739 27 0 2 2 31 1.4 87.1 0.0 6.5 6.5
51 | 36.50816598 | 35.37068801 18 0 0 0 18 0.8 100.0 0.0 0.0 0.0
52 | 36.48341959 | 35.38782013 12 0 3 2 17 0.8 70.6 0.0 17.6 11.8
53 | 36.43630626 | 35.38591656 29 0 0 0 29 1.3 100.0 0.0 0.0 0.0
54 36.3864187 35.42361619 25 0 0 0 25 1.2 100.0 0.0 0.0 0.0
55 | 36.55670699 | 35.40733171 17 0 0 0 17 0.8 100.0 0.0 0.0 0.0
56 | 36.38616983 | 35.44782615 22 0 0 0 22 1.0 100.0 0.0 0.0 0.0
57 | 36.38524626 | 35.46957914 12 0 0 0 12 0.6 100.0 0.0 0.0 0.0
58 | 36.40615449 35.5178716 22 0 1 1 24 1.1 91.7 0.0 4.2 4.2
59 | 36.38154568 | 35.48604669 35 0 0 0 35 1.6 100.0 0.0 0.0 0.0
60 | 36.41741334 | 35.91564407 11 0 0 2 13 0.6 84.6 0.0 0.0 15.4
61 36.47770888 | 35.83753826 35 0 4 5 44 2.0 79.5 0.0 9.1 11.4
62 | 36.32509025 | 35.85948879 38 0 0 0 38 1.8 100.0 0.0 0.0 0.0
63 | 36.33115788 | 35.87911934 30 0 0 0 30 1.4 100.0 0.0 0.0 0.0
64 | 36.36159118 | 35.28788277 12 0 0 5 17 0.8 70.6 0.0 0.0 29.4
65 | 36.23405207 | 35.63480818 11 0 0 0 11 0.5 100.0 0.0 0.0 0.0
66 | 36.32418833 | 35.94014628 21 0 1 0 22 1.0 95.5 0.0 4.5 0.0
67 36.2228924 35.938011 19 0 0 0 19 0.9 100.0 0.0 0.0 0.0
68 | 36.49700631 | 35.80904421 28 0 3 1 32 1.5 87.5 0.0 9.4 3.1
69 | 36.54005076 | 35.29406937 43 0 3 0 46 2.1 93.5 0.0 6.5 0.0
70 | 36.57314906 | 35.83819261 22 0 0 0 22 1.0 100.0 0.0 0.0 0.0
71 | 36.54935445 35.8554437 17 0 2 0 19 0.9 89.5 0.0 10.5 0.0
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B dal) BIEL Jlad B 488) yall cilalgal) g (311681 il AlSal) £ 5 il Julas

Cuhel) Al ol cildaaa & el g o 1dd) SgaY) clalady Alasy) Juladl) -2 gaal)

(o235 pae vie 0 dagil) Cuae g aaaall olaiV) (385 dlgal) 3sm g vic 1 Al

s cldlaay) 01 (aBe Y Gail) dgaY) clalal) | 03 el il AgaY) clalad)
Jshall Jad saslika | ELW | N_S | NNW_SSE | NW_SE | EW | N_S | NE_SW | NW_SE
1 | 36.32288 | 35.07982 1 0 0 0 0 1 0 0
2 | 36.31289 | 35.03556 1 0 0 0 0 0 0 1
3 | 36.17583 | 35.08267 1 0 0 0 0 0 0 1
4 | 36.31003 | 34.99416 0 0 0 1 0 1 0 0
5 36.1073 34.99558 1 0 0 0 1 0 1 0
6 | 36.10445 | 35.36393 1 0 0 0 1 0 1 0
7 | 36.17214 | 35.48266 1 0 0 0 0 0 0 1
8 36.1537 35.4898 0 0 1 0 0 0 0 0
9 | 36.10968 | 35.53977 1 0 0 0 0 0 1 0
10 | 36.15489 35.5826 1 0 0 0 0 0 0 0
11 | 36.19296 | 35.62245 1 0 0 0 0 0 1 0
12 | 36.11087 | 35.72239 0 0 1 0 0 0 1 0
13 | 36.14716 | 35.78009 1 0 0 1 0 0 1 0
14 | 36.13031 | 35.82885 1 0 0 1 0 0 0 0
15 | 36.2239 35.84136 0 0 1 1 0 1 0 0
16 | 36.23223 | 35.84077 0 0 1 0 1 1 0 0
17 | 36.36554 | 35.98988 1 0 0 0 0 1 0 0
18 | 36.35941 | 35.89698 1 0 0 0 0 1 0 0
19 | 36.3603 35.89312 1 0 0 1 0 0 0 0
20 | 36.27558 | 35.94157 1 0 0 0 1 1 0 0
21 | 35.98219 35.7075 0 0 1 0 0 0 0 0
22 | 35.91378 | 35.63017 1 1 0 0 1 0 0 0
23 | 35.88463 | 35.60518 0 1 0 0 0 1 0 0
24 | 35.86381 | 35.57068 0 1 0 0 0 1 0 0
25 | 35.86024 | 35.75188 0 1 0 0 0 0 0 0
26 | 35.86238 | 35.74046 0 0 1 0 0 0 0 1
27 | 35.78636 | 35.69299 0 0 1 0 0 1 0 0
28 | 36.77895 | 35.88275 0 0 1 0 0 0 1 0
29 | 36.69757 | 35.88846 0 1 0 0 1 0 0 0
30 | 36.66283 | 35.86181 0 1 0 0 1 0 0 0
31 | 36.65196 | 35.86064 0 1 1 0 1 0 0 0
32 | 36.73905 | 35.80555 0 0 1 0 0 0 0 1
33 | 36.69146 | 35.79485 0 0 1 0 0 0 1 0
34 | 36.6986 35.77105 0 0 1 0 0 0 0 0
35 | 36.71851 | 35.72606 0 1 1 0 1 1 0 0
36 | 36.32347 | 35.95522 0 1 0 0 0 0 0 1
37 | 36.62043 | 35.82042 0 0 1 0 0 1 0 0
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2024 als 4 3l 46 sl

L) a glal) Al

Odie danad 3 &) aadl 2y S e o
38 | 36.62139 | 35.62174 0 0 1 0 0 0 0 1
39 | 36.63269 | 35.57891 0 0 1 0 1 0 1 1
40 | 36.50188 35.525 0 0 1 0 1 0 1 0
41 | 36.40347 35.6053 0 0 1 0 1 1 0 0
42 | 36.62365 | 35.72108 0 0 1 0 1 1 0 0
43 | 36.50617 | 35.41733 0 0 1 0 1 0 1 0
44 | 36.57452 | 35.33578 1 0 0 0 0 1 0 1
45 | 36.62139 | 35.33799 0 0 1 0 1 0 1 0
46 | 36.49617 35.4021 0 0 1 0 1 0 1 1
47 | 36.3203 34.91209 1 0 0 1 0 0 1 0
48 | 36.75226 | 35.18868 0 0 0 1 0 0 0 0
49 | 36.59002 | 35.06219 0 1 0 0 1 1 0 0
50 | 36.51685 | 35.07766 0 0 1 0 1 1 0 0
51 | 36.50817 | 35.37069 0 0 0 0 0 0 1 0
52 | 36.48342 | 35.38782 0 0 0 0 0 0 1 0
53 | 36.43631 | 35.38592 0 0 0 0 1 0 1 0
54 | 36.38642 | 35.42362 0 0 0 0 1 1 0 0
55 | 36.55671 | 35.40733 0 0 0 0 1 0 1 0
56 | 36.38617 | 35.44783 0 0 0 0 1 1 0 0
57 | 36.38525 | 35.46958 0 0 0 0 1 0 0 0
58 | 36.40615 | 35.51787 0 0 0 0 0 1 1 1
59 | 36.38155 | 35.48605 0 0 0 0 0 0 1 1
60 | 36.41741 | 35.91564 0 0 0 0 0 0 1 0
61 | 36.47771 | 35.83754 0 0 0 0 1 1 0 0
62 | 36.32509 | 35.85949 0 0 0 0 0 0 1 0
63 | 36.33116 | 35.87912 0 0 0 0 1 1 0 0
64 | 36.36159 | 35.28788 0 0 0 0 1 0 0 0
65 | 36.23405 | 35.63481 0 0 0 0 1 0 0 0
66 | 36.32419 35.94015 0 0 0 0 1 0 0 0
67 | 36.22289 | 35.93801 0 0 0 0 0 0 1 0
68 | 36.49701 | 35.80904 0 1 0 0 0 1 1 1
69 | 36.54005 | 35.29407 0 0 0 0 0 1 0 1
70 | 36.57315 | 35.83819 0 0 0 0 1 0 0 0
71 | 36.54935 | 35.85544 0 0 0 0 1 0 0 0
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Crugmall Laal lael) ddbide LSS oaay @b Ghiall deal)
Freund et al. ) lys 4 il G e piil jlie jae sag Jlef-dausY)
1987, Giannerini et al. 1988, Homberg et al. 2008, AlAbdalla et
SV gl 8 Ll Al &l e i SIX L(al. 2010
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Holomorphically curvature of projective

Pseudo kahlerian Special spaces

Abstract
Studing holomorphically curvature in the holomorphically projective
pseudo kahlerian spaces .
The holomorphically curvature is puplicized to geodesic curvature wich
both studing have finshed in the greater part paper reference.
In this paper we will studing properties of the holomorphically curvature
, holomorphically projective pseudo kahlerian spaces and relation
between holomorphically curvature and tensor holomorphically
curvature in these spaces and found the necessary and sufficient
condition in order to be.
In oide to arrived at the ending . If the projective pseudo kahlerian
space H, admit holomorphically projective mapping to H. wich a
holomorphically curvature is constant do H_ with a constant
holomorphically curvature.
Finally,we study the holomorphically curvature in the special pseudo
kahlerian spaces (Einstein),where we prove that Einstein pseudo

kahlerian is a constant holomorphically curvature.

Key words: holomorphically curvature, geodesic curvature,
pseudo kahlerian spaces, Einstein pseudo kahlerian,

holomorphically mapping.

* Department of Mathematics, faculty of science Al-Baath University , Homs- Syria.
** Doctoral student of Mathematics ,faculty of science Al- Baath University *
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Using Berggren Matrices For Generating
Pythagorean Triples With One Parameter
And Its Application In Cryptography.

.Dr. Najwa Ahmad Najjom
PhD in Pure Mathematics, Al-Baath University

Abstract

We used in this paper the method of multiplication by
Berggren matrices to generate pythagorean triples with only one
integer parameter, and then to construct encryption key sequence

with nine essential terms.

We also mixed Luma and Raufi method and Hill method to

find text encryption and decryption Algorithm.

Key Words:

Berggren matrices — Hill matrix - The Cryptography key -
Cryptography - Plaintext ,Ciphertext .
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Preparation of cobalt aluminate thin
films and study of some of their physical
properties
Ahmad Aton, Dr. Abla Al-Zoubi, Dr. Nasser Saad Al-Din,
University of Al-Baath Faculty of science

Dept. of Physics —-Homs-Syria

Abstract:

CoAl, 0, thin films were prepared using chemical solutions of
cobalt nitrates Co(NO3),. 6H,0and aluminum chloride
AlCl;.6H,0 as starting materials on substrates of ordinary glass
and quartz for a mixture ratio of primary oxides 1Co: 2Al and
molarity (0.5M) and a constant deposition temperature of 500 °C
by spray pyrolysis method. The prepared films were annealed at
different temperatures within the range (600 — 900) °C with a step
of 100°C.

The structural properties of the prepared and annealed films at
different temperatures were studied by X-ray diffraction (XRD)
technique. The results showed that cobalt oxide films crystallized in
the face-centered cubic structure (FCC) belong to the space group
(Fd3m), while the crystallization of aluminum oxide films was not

good.
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It was also observed that when cobalt aluminate films were
prepared at 500 °C, all the diffraction peaks belong to cobalt oxide.
Cobalt aluminate films were obtained by annealing them at 800 °C,
these films crystallized in the face-centered cubic structure (FCC)
belong to the space group (Fd3m). The lattice constant and unit cell

volume of the prepared and annealed films were calculated.

The grain size of CoAl, 0, films prepared and annealed at different
temperatures was calculated by using the Debye-Scherrer equation.
It was found that the size of the crystalline grains increases with

Increasing annealing temperature.

The transmittance spectra of the prepared CoAl, 0, films in the
wavelength range (300 — 1100) nm were studied. The value of the
band gap energy of the prepared films was calculated and was equal

to E, = 2.14 eV.

Keywords: Cobalt aluminate, spinel, thin films, thermal
evaporation, band gap
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Phosphate deposits exposed in Al —
Sawwaneh area, Southern Palmyra Chain
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Abstract
Petrographic and chemical study was conducted for the phosphate
rocks exposed in Al — Sawwaneh area, Southern Palmyra Chain,
and to determine their content of P,Os. These rocks were classified
into phosphate rock with a siliceous-calcareous cement, and loose
phosphate sand. While the results of chemical analyze showed that
the percentage of P,Os has a good economic value and that these
percentages are associated with a high percentage of SiO, and low
values of CaO, which indicates a coastal source of phosphate
sediments. The petrographic study showed that the percentage of
phosphate increased along with quartz within the siliceous cement,
which change lateral towards the southeast into calcareous cement,
and siliceous processes dominate in the southern side of the study

area, with a clear decline in cementation processes.

Keywords: Petrographic, Al-Sawwana Phosphate.
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Some properties of Carnot_ Carathéodory
distance on Heisenberg group

Abstract
In this work we introduce the first Heisenberg group H and study
the structure of this group. We start with the isopermetric problem
in the plane and obtain the sub_Riemannian structure on
Heisenberg group. We introduce the Carnot_ Carathéodory distance
on Heisenberg group, and we define the horizontal curves on this

group, and we introduce many properties of these definions.

Key Words:

Heisenberg group, the sub_Riemannian structure, dilation,
translation, horizontal curve, Carnot_ Carathéodory distance
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[12] :(n = 1) A il 5y0) :1.1.1 s
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1 a c
H = (0 1 b)l;abc R
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P JSAL 303 03] JuSlal) (188 K

1
(x,y,2).(x,y,2) = (x +x,y+y,z+27Z+ 3 (xy — J%)/)) (1.1)
[12] 15 fosinla uad 5alpal ugatall Jgiall :1.1.2 Ciyp

sac 8 U< Lyl 5ysia Y X, Y, Z dggaie Jsin 4D 050 B gounla L ¢
s JREIL a5 o uall 13g]

y
X=6x EOZ
X
Y=6y+§az
Z =0, (1.2)

o Al e Bamll Joldl) ABle S

X,Y]=2
1 1
(X,Y] =XY -YX=20,+50,=0,=Z

[X,Z]=[YV,Z] =0
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[12] :H™ &l 505 :1.1.3 ipas
s ple U8

H" = {(x,y, z) € R (x,y,2).(%,7,2) = (x +x,y+y,z+

7’ 1 7/ g
Z4 SN XY — xi)’i)}

tSAL By Eoibe und 505 5 Ll 58000 Lgatial) Joind) )55

L_0 10
I Ty, 278, 7"
_o 1 8
I Ty, T 29,0 T
,_ 9
-7

[12] :1.1.1 ikad

Cipeal) Q) (56 3y I3 5 € X R JSIL H™ ¢y 5305 Ciued (K

PPN
H" = {(z, t) EC*xR:(z,t).(Z, 1)
7 4 1 7
= (z +Z,t+t+ Elm(z.z))}
z=(2y,..,2,) €C", ttER , zZ=3",27 &
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[11] il 8305 o b ilaea¥) :1.1.4 iy
LA £ ile 850 o old) ilasi¥) Gy

Ly(p):H" —» H"
L) =g.r =W v).(z,t) ;p=(zt),g9= )

.g,p € H" &ua

-

EinW 8a) (A8 g sa) 8 el :1.1.5 iy

[4] :(Non_isotropic dilation)
PS5l B0 o (o) e el ey
8 H" > H"
(z,t) » (Az,2%t) ;1>0
[10], [1]:8 0850 30} dilay ) s A 1.2
T ¢l 8505 () G asany i o H (159 il ya) Ay Y a5

s e (Gle (3Uas Q Cun) 0Q e e a0z [0,T] - R* &)

1
Area() = fﬂ dx ndy = fﬂzd(xdy — ydx)

1
= J o5 (xdy — ydx)

‘ 1
= [ 36050 -y i) ae
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.Green_ Stokes iaua s Stokes sy s Sl
o Aals e Joa¥) Al Joay 5 Joa¥) Ak (e Taw oaie oY) 3
v:10,T] » R?
1(®) = (x(0),y(®); x(0) = y(0) = 0

Ll &y Aanlyy dandl) Bl inially ddlaal) dabiaall Wil e 2(t) <l
€ Aaladl odn a5 ¢(inial) 1agh Bl 5 Rl Al (i Juslsl piend
.z(t) = Area() :!

y(x(t),y(t)) c R? (left planar curve) (sl csia) adys of a5 (Y

s J(x(0),y(),z(1)) € R® = H 08 53 sl Jnie
I i) ey 5 R? e T hie 0y 058 Ul 5 z(t) = Area()
slailly Jaie alay) Al o Allidl W 5 ((Carnot curve) cisilS i

2D A Saidl 13 hadus sy Cusy 3D
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N
Y
(X1, ¥1,21)
(x1, 1)
| ] X
(1) g
:1.2.1 daada
: Ll
‘ 1
20) = [ 5 (@ 30 - y(© £() de (13)
= #(6) = 7 (x(0) 9(O) ~ y(O) £(1)) (1.4)
W:=dz—% (x dy — vy dx) (1.5) o s s

dxe = (13, I3, [3) i onidl pasie
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I'€ker(w) © y gl Jaidll ady 2 T

w(l)=0e (1.6)

(Carnot curve) H ¢, 5y Ao A8 Aada) :1.2.1 ciy s
[5],18], [9] :(Horizontal curve)

v:[0,T] ¢ R - H :(Lipschitz curve) jiiul jaie lual &4

v():= (x(©),y(),z(1))

el t € (0,T) &l JaY Ging 1Y a8 Jnie 43) Jsial) (e Jsi
45V dlalid)
#6) =3 (x(0) 30 ~ y(®) a7
y(t) € A (H) :Gelad) dayall : 8l<a 13a
y(©) € span{x (y®),Y (@)} ¥
a5

7(©) = w(®) X (v(D) + u,(®) ¥ () (1.8)
[11] :H™E il 805 Ao A Aadal) :1.2.2 Gy s
:(absolutely continuous) il il il e Jsis

v:[0,T] ¢ R - H"

Y() = (1(6), oo, 2 (£), ¥1(0), e, Y (), 2(D))
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A Alalall Al £ € (0,T) ol daY @ias 1) & iaie 4l
n
7 1 ’ 7
10 =35 ) (350 5,0 - %©y,®)

j=1
y(@) € Ay(t) (H™) oyl (88, 138

7(© € span {X; (v©), . X (v©) 1 (v©) . Yo (v(O)}

7© = 53 (4% (10) + b, %, (1)) 5
A,(H™) = ker(w,) ;Vp € H" TN
w:=dz = ;37 (ydy; - yda) z

A, = span{(X1)p, -, Xn)p, VD p, o) V) } 5]

(s ) Poadaall b ) eloadll e Lo 8 g
[B]:gmmle L salsall Aygaiall Jsiall e loglaall Gy adiil (V)
X:R" > R" tgaal

X(x) = (al(x), ...,an(x))
xl(t) = al(xb '"!xn)

X, (t) = a,(xq, ..., x,)
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{aé(t) = X(x(®) (1.9) :aie

x(0) = xq

: AL o Abealil) Aslaall 3¢) Jslall o

W

o3¢ Al il Sy ¢ pentiall Jiall Alial JS Fuuledd) cliaial o

s J< sl

x(t) = e (x,) (1.10)
el Jinll 5 o iy Boie R™ ) 4l 5ac @) s 6‘371 aixz ol
L ) Jay

n

X(x) = Zai(x)i (1.11)

. ax;
=1

1055 daie T R™ - R Al o<l
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XF(x): =~ |t of (1))

B n of B n of
- Zl 5y %= Z 5 (1.12)
:gtﬁh;
< 9 = )
X(x) = Z @) 5= Xf(x) = z a; (%) %

[2],[3],[10]: Rashevskii_ Chow 4 :1.2.145
thayill R 8 X7, o, X Aagaiall Jsial) cia 1)

dim S'pan{ 11' X ][11' i X ] }(x)—n (3.17)
XER" ;j;=01,.. k&

5yl Ll Cilyiniay LI (g0 55 IS oy (Saall (e 43lé Bvie

Xy, o X
:1.2.145.5

Lo 1o 5 cAiluse il (o pdioss Lld Mivie L) (e 5 6f Joms Wiy 4l Ly

cbisial Jglal jaaps JLEAL el g g uinla 3ya) (Je 4adis
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o Abios Jsh 0 H (b (8 i) ¥ isplS i ol I of ol
sl cgsinnall 8o Jsh asl y Jsh Caded Nivie 0 sp Jadusall IS 13 (g5l

S 13
n:H - RxRx{0}
mrz(x,v,2) = (x,y)
TTR2 ) |y Carnot — @ E)
lengthsg(y) = lsg(y) = lg2()
S| KL
7(©) = w, () X (v(©) + 1) ¥ (v(©))
J8I0

1
L1): = [ pomey (w2 (@) + w2 ()7 dt = [ %2(2) + y2(b) dt
= lz(a) (3.18)
5 ClS Gaie a Y QS H™ §uila 505 e Ll
m:H" - R* x R" x {0}
XY Gsidl e f V) 20 clglayl e Laliwy) Gkl jey
GV Jsb ol Baie R" X R™ X {0} ey b 0 a=n(y) o8N 5
sJ<all oty H®
lsr(¥) = lg(a)

s Saiall galdY) Jehall e [p Cus
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£l 5ya) Ae Carnot. Carathéodory 4dlua :1.2.3 diyps
[71,[9], [10]:H

ot ALl (a3l Baie ¢ IV § 55 830 (e (ki py, py € H oS3
PR bl il G (953588 uslS Aile S Ll
dec(prp2) o= inf {1(1) i pz 5 Py owdems 8 oy} (113)
C_C 4ilse anly Ailesall 03] hHlsial jayie
:1.2.2 4iagea
O CLC A8lue ol HT gownla 8305 (Ao p, g by o C.C Al )
sl g € R s gp, gq kil
dec(p,q) = dec(gp,99) Vg € R (1.14)
scldy)
dplad) llaa¥) Ciadsyaia ¥ X, Y Lgaial) Jsiall o alas

LyH - H

prgp; geER =M

(dLy), X (@) = X (gp)
(dLg) Y(p) = Y(gp)

iy g)‘kﬂgsi Saiey OIS0 Jull
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7(©) = w0 X (v(©) + 1) ¥ (v())

=u Xey)+tu, (Yeoy)

tlal Yvie

d
=ty oV)® = (dL,) (V)
= (dLg)y(t) (ul (X ° ]/) + Uz (Y ° ]/))

= U (dLg)Y(t) Xoy(t) +u, (dLg)Y(t) Yoy(t)
d
= (L 2v)(®) =u X(gv(®) + w2 Y (gv (D)
=u X (Lg o y(t)) +u,Y (Lg o y(t))

rof s g L @l jaie s Ly oy () ol Qb

W(Lyoy)=[ JuZ +u?2 = 1(y)

die 5 ealsh o Dailay G @Yl il e Bl gyl Glawal) of

rol aa

dec(p,q) = dec(gp, 99)
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:1.2.3 Ay
1Y) A 3aa Nae p,g €H 51 > 0 oSd
dec(8,(0), 62(@)) = 2. dec(p, @) (1.15)
kY
51(0-q) = 6,(p)- 8,(q) 1G> 63 U ple
;ML 5 Ll 5y Y dee o
dCC(6A(p): 5;1(61)) = d¢c (id» (5;1(17))_1 5A(CI)>
= d¢c(id, 5,(p7'q))
rol o o S Y

A.dee(id, p) = dec(id, 8,())

dcc(id, (x,y, z))
= inf length {z dalidl 2aay (x,y) N (0,0) e G_A_m]/}

A 0 O

6A=[o p o]zws.a.s‘@smusmmweaﬂ
0 0 &2

35 G (7)) 1 (0,0) 5o oo imid o il 134 ik ) oS0

1050 Z daludl
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63 |sz{0} = A1
abioe Jsh gsbn (30, ,2) Y Jea¥) a0 HL 8 inial) s o L
sn algh B H 8 isiall saall Laa] gl L7 dalie (3l sy gl e
Glilay) s 5 127 dalue Gl Cuny (gl (& 6y ¥ abioe 2043 Jsh
S bl et 88 s 5 A L(Y) Jsbl maay 5 (A%, AY) ol (x,Y)
aains sSla 23m phasiuly dalisal) s 51 Y (Ulad 6 i) gaasas
& Lad 5 oesudl ax,y cldlay) 4 56 sl of of 122 L
Slls ¢ 122 Ledans legle Jeanin ) sl

A.dec(id, p) = dec(id, 6,(p))

[5],[7],[9] :1.2.4 Ciyas

Jshll jraadll @Y1 aid) s po,py € H™ Gihits Jaay 3 ghaseall Tadl)

s sl y:[0,T] > H* (Length minimizing horizontal curve)
PG (Aade

L(y) = dcc (o, 1) s Y(0) =po,y(T) =p,

[6]:1.2.4 4iayue

coiibil) il G deay Y s bl aag 4li po, py € HT il o JaY
P08

dec (Y(O) ,)/(T)) =t Vvt € [0,T]
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[8]:1.2.5 4iasua
Gpgatiall Jsial) e yuls asie (9535808 _sh)lS o lmd (R, d) o84
to s s (X, e, X))
x,yER" KdaY d(x,y) <o e
LAY Laglsiill Aol 3yaina d @
e AR5 R bl LAl JS JaY ails Bae

t0Se 5x € R 8 da¥ s X; f(x);j = 1,..,m
1

m 2

|Xf Ol = z (Xj f(x))2 <L (ae)

j=1

:1.2.6 4asua

F0sSy b Yo (5)9358)IS Cgi)lS Alusay Bag e H™ Ly
[Vin dee(z,0)] = 1

Cusy (z,8) € H™ JS JaY &l 5 Vgn= (Xq, oo, X, Y, o, V) Can
Zz#0
alay)

Ay oa dee o Lo 138 5 1.2.5 Qi paall Sl b GBS §inla 50 ()
% YEGTR | R ¥i By |

|Vin dec(z, )| < 1 (1.16)

Puac H™ o ol S b Ly

Ve ul? = Ty [(%)° + ()]

sl oY)

Z={(z,t) € HY;z = 0}
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(1.16) 3Bhal) 3iaws Cumy (2, 1) € H™ \ Z adas il

L0ss pald US55 (2,8) 1 0 Jmr i [0,T] = HP (ghasen bd s

n

70 = (% (v©) + % (y©))

j=1
V() € Z sajis of (S z # 0 QS 1)
Pl 1.2.4 daayul) G
t= dcc(Y(O) ,Y(T)) =t= dcc( y(T))

f Al

1= 2d(rm) = Y (4,0 X (y©) + 5, ¥a (v©))
=1

< |Vin d (v(®))]

t €[0,T] JS JaY &b

e danit =T Ll

|Vyn dee(z,8) = 1 (1.17)
|V1HIn dCC(Z' t)l = 1

HP e e K8 Ly
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